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B pabome uccneoosana paspewiumocms 0OHOU Kpaegou 3a0auu 01 ONepamopHo-
oughpepenyuanvbHo20 YpagHeHus 8Mopo2o NOPAOKA IIIUNMUYECKO20 MUNA 8 KOHeuHoll obrac-
mu. Yxasama ceasb paspeuumocmu Kpaeeoi 3a0auu ¢ OnepamopHuiMu Kodp@uyuenmamu.
Tonyuenvt meopemvl 0 HOPMAX NPOMEICYMOUHBIX NPOUIBOOHBIX U OOKA3AHA UX C6A3b C Pa3-
pewumocmu 0annoll Kpaesou 3a0aydu. Bce ycnosus paspeuumocmu 8bipadjcetvl moabko C8oli-
cmeamu Kodppuyuenmos 0anHo20 ypasHeHusl.

KiroueBble ciioBa: TWIL0EPTOBO IPOCTPAHCTBO, OMNEPATOPHO-IAH(QEepeHIUATEHOES
ypaBHEHHSI, KpaeBas 3a1ada, peryjsipHas pa3penmMocCTs.

[Tycte H —cenepabenpHoe THIBOEPTOrO MpOCTpaHCTBO, A —HOpPMaib-
HBIN 00paTUMBbIii OLIepaToOp CHEKTPO KOTOPOTO COAEPIKUTCSI B YTIIOBOM CEKTOPE

S, ={A:]arg A< e, OSSS%}

[Mpenoxem, uto uncio MU, (x =1,2...)ecTh OpTOHOPMUPOBAHHBIE COO-
CTBEHHBIE BEKTOPbl ~OTBEYAIOIIMX COOCTBEHHBIM 3HA4yeHUsIM M, ,T.C.

Ae, =6, k=12,.. roe
I, n=m

e, ,e,) =0,
(& +€n) ’{O,n;ﬁm

Torma omeparop A—wmoxnHo mpencraBute B Buae A=UC, rue

’luk = |luk|ei‘/’k , THC ¢K € SS .

CX=24|,uk |(X,e,), xe D(A) a U =Zei(”k (x,e,). OueBnano, yro C —
k=1 k=1

MOJIOKUTEIFHO OTpeIeNIeHHbINH oniepaTtop a U — yHHUTapHBIN omepaTtop B H .
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3)

Hyere H, (72 0) ecth runb6epTOBO NPOCTPAHCTBO CO CKASPHBIM ITPO-
usBenenneM (X,y) =(C/,C/), npu y = 0 cuuraem, uto H, =H

Iycts L,((0,1): H) ectp B runsbeproBo mpoctpanctBo ¢yukumii f ()
onpenenénnsie B (0,1) mouru Bcroay co 3HaueHusiMu B H ¢ HOpMOit

1
1
1 o= (11 F ) Pty
0

Crnenyst monorpaduto [1] BBemeM rmpb0€pTOTO MPOCTPAHCTBO

W2((0): H)={u: u”e L((0,):H), C’ueL,((0,):H) }

C HOPMOI1
1
+11C2U P Lonmn)

371ech U B JAJIbHEHUIIEM IIPOU3BOIHBIE IOHUMAIOTCSI B CMBICJIE TEOPUH pacIipe-

nenenuil. M3 Teopemsl o ciienax [1] crnenyer, 4To
2

W ((0,1): H) :{u lue W ((0,1): H) ,u(0)=0,u(l)= o}
€CTh IIOJIHOC FI/IJIB6epTOBO HpOCTpaHCTBO.
PaccMoTpuM crieyronnyro KpaeByro 3agaqy

Pu =-u"(t)+ p(t)Au(t) + Aju”+ Au’(t) + Au(t) = f(t) (1)
u0)y=0 , ul=0 ()
rae  f(t),u(t) pyakumu co 3Hauenusimu B H , a oneparopubie K03 HUITHEHTHI

YJIOBJIETBOPSIIOT YCIOBUSIM:
A -HOpMasIbHBIN OOpAaTUMON OMEpaTop CHEKTOpP KOTOPOTO COJCPKHUTCS B

_ 7”2
|| u ||W22(0,1);H)_ (|| u ||L2((0,1;H)

yrioBoM cektope S, <0<e <7 5 » IpHYeM A™' BrHosiHE HenpephIBHBI OIe-
patpoB H ;
p(t) -uucnoBast neiictBuTebHAS, u3MepuMas (YHKIHs ONpenenéHHas B
unrepsaie (0,1), mpuuem 0< < p(t) < f<oo;

— -] P
Onepatopet B; = A;A™" (] =0,1,2) orpanuyensi B H .
Paccmorpum B ipoctpanctee L, ((0,1);H) oneparopsr @, rae

@ ,u=-Uu"(t)+ pA’u(t)

)
¢ oonacteio onpenenenus  D(D,) =W ((0,1): H)
158
D u=-u"(t)+ pA”u(t)
2

C 00JIaCTBIO OIPeEICIICHHS D((D;) =D(®)=W:((0,1): H).



L2
Hanee 8 W2((0,1): H) = D(L,) onpenenum oneparop @, = Au”+Au’+ Au.
)

OueBunHo, uto P, ects orpannuenusiii oneparop u3 W2 ((0,1): H)=D(L,) B
L, ((0,1);H).

Onpeneaenne. Eciu mpu mo6om f(t)e W ((0,1): H) cymectsyer
u(t)e L,((0,1); H), xoropast ynosnerBopsier ypaBHenuro (1) mouru BCromy B
unteppaiie (0,1), rpaHUYHBIM YCIOBHSM (2) B CMBICIIE CXOAMMOCTH

lim t = lim t <
t1+0||U()||% 09 t11—0||U()||% Oa
U UMECT MECTO OILICHKAa

|| u ||W22((0,1):H)S ConSt || f ||L2((0,1):H) ’

TO OyZieM TOBOPUTH, uTo 3a1aua (1),(2), perynasipHo paspemmuma.

OTMeTHM, YTO PETYNISAPHO Pa3pelIMMOCTh HEKOTOPBIX KpPAaeBbIX 3aJay
Jutst ypaBHeHUs (1) ¢ caMOCONpPEKeHHBIM OIlepaTopoM A Ha KOHEUHOM o0Jiac-
TH UCCIIEJIOBaHBI B paboTax [2-6].

Korna A -nopmanbhsiii oneparop 4, =0 u p(t) =1 kpaesas 3amgaua uc-
ngemoBana B pabore [7]. B Geckoneunoir ob6macre mpu A, =0,
p)=«a te (O,to) u pit)y=p4 te (t0,°°)6onee of1rast 3aja4a MCIICAOBHA B
pabore [8].

Crienymiasi 1eMMa MOKa3bIBAET, YTO MOYEMY CIIEKTP OIepaTopa Haxo-

nutest B cektope S,, 0<¢e< %

At

JlemMma. Ilycte ™™ ecTh moayrpynmne orpaHu4eHHBIX ONEpPaTOPOB JeH-

crByfommx B H . Torza Bekrop dynxuus U (1) = e ™ ¢ npunayIeRuT B Ipo-
CTPAHCTBY sz ((0,1): H), Torga u Tonsko Torga @€ H ¥
2

HokazareabcTBo. W3 Teopembr o cuemax [1] cuemyer, uyTO

u,(0)=peH ¥ nockoieky U ()€ W, (R+: H). Temepb mokakem, 4T0 mpH
2
Qe H% ut)e W;((O,l) :H).
Ecin pe H 3> TO cymectByer Bektop X € H |, takoii, uto Cp = X.
2
Torna

2 At (2 Vi Aty 2
|ful| =2][C"e t¢|||_2(0,1):H):2||Cée tX|||_2((o,1):H)-

W2 (0,1);H)
Jlanee ucnenys CeKTpalbHbIE PAa3JIOKEHUs onepaTop A moiaydaem
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Jc/e
12
J

_(Cle iy, chen

X |||_ ((0,1:H) = X)Lz((O,l):H) =

M

l ; > 1 .
| i, |A (e—\ﬂk\lwkt(x’ek ), 2|:uk |A(e_‘ﬂk“¢kt’x’ek))dt —
k=1

) = 1 .
[t |75 (g, ) Pt = Y (e ) | x 'S

P o 2cos @,
< ) IXIP=——+D ol
o 2COSE 2coséE %
CienoBarenbHo, pu 0<e<”? u e H HKLHS
I p A peH, by

u,()=epeW,((0,1)): H).
OcHOBHBIE HEpaABEHCTBA
HNwmeer mecto
Teopemal. Ilycte BbemomaseTcss ycnoBus 1) Torma mnpu  Bee

o2
ueW,((0,I): H) umeer mecTto HEPaBEHCTBO
| Au’ ||L2((01)H) d,(e;a,B) || Pyu ||L2((01)H) (3)
| A’u HLZ((O,I):H)S do(SSa;ﬂ) | @yu HLZ((O,I):H) 4)
| U”HLZ((O,I):H)S d,(&a;p) || P, ||L2((0,1):H)9 ®)
o Ve ]
rie  d (€;¢; = , 0<e<?
(& B)l=a 7,
o, OSSSA
diEasPl=y

ﬁ%a%, 0<e<”Z
d,(&B) =1 |
ﬂé o1

al2m, %ggg%

]
JlokazaresnbeTBo. YMuO)UM ypasHenune @ U = f B Gpynkuumro pé(t).
Torna nmosydaem, 4To



,%u” 2

||L2((0,1):H) +

_1 5 1 Vo
|l p éq)ou ||L2((0,1):H):|| —P Au”+pAA u ||L2((0,1):H):|| P
5 a2 2
+1] pAA u ||L2((0,1):H) —2Re(u”, A u)Lz(R+;H)
(6)
Yuutsisast, uro Ue D(®) (U(0) = u(l) = 0) unTerpupyst M0 YaCTHEM a 3aTeM
MIPUMEHSISI CIIEKTPAITHYIO PA3JIOKEHHIO oniepaTopa A Tmoirydaem

” A2 * ’ 7112
—2Re(U", A°U) | oapny = 2Re(A UL AU (g iypm) 2 2€082€ [ AU (oaym) -

Takum 00pa3oM yduThIBasi ’TO HEPABEHCTBO B PABEHHCTRBO (6) UMeeM:

1 o2 @ |2 e 2l o707
” pAAZU HLZ(R+;H) +2C0528(A2u’)L2((0,1):H) (7)

|||_2((0 H) T

Capyroii cTopassl
2 2
| Au’ ||L2((0,1):H)=|| Cu’ ||L2((0,1):H) = (Culacul)) L, ((0,1):H)

%Czu,p% ”

u )Lz((O,l):H) <
»

2
*Cu ||L2((0,1):H) + || P

2 2
Au’ HLZ((O,I):H): -(C U,U”) L (0.)H) = (p
P

2 -} 2 1
*Cu ||L2((0,1):H)|| P AU” ||L2((o,1):H)S 5(” Y

_%u,, 2

||L2 ((0,13:H)

<l p

N3 nepasencTso (7)cienyeTs, 4To
1 1
EHPACZU HLz((O,l):H)H+Hp / ”HL2(01)H)— HPA(I) u HL2 ((0,13H) —cos2¢ || Au’ HL2 ((0,1:H)

Takum o6pazom
Loy
2 2
(I1+cos2e)|| AU,HLZ((O,I):H)SE”p Z(I)OU |’L2(R+:H)

CnenoBaTeibHO
o
2
2cos€

1
Il p A‘I)ou Lo, S @ 1PoU [l o)

0<8S%.

Au’ S ——
I A o S 5o

T.€. HEpaBeHCTBO (3) J0Ka3aHa.
Tenep mokaxkeM ocTaabHbIC HEPABEHCTBO.



IMpeamonoxum uto  0<e <7 4 » TOTTIA cox2e > 0. [loaTomy U3 HEepaBeH-

ctBo (7) cnenyert, 4TO

Ip u’

1<l p 2 ®,u |
Ly ((0,1):H) 1= P 0% L, ((0,1):H)

TOTJa

10 ool =+ 127207207 2 o B 100U 1l o € 8702 10Ul o

AHOJIOTUYHO UMEEM

1p2 A

g
u ||L2((0,1):H)S|l p P@u ||L2((0,1):H)
T.C.

2 2 o - -
1A o =12 202 AU i <@ 2 1020 [ o €@ DU

Taxum oOpa3om HepaBeHCTBO (4) U (S) mpu 0 < e < % JI0Ka3aHo.

Tenep cuuraem, 4To % <e< % Torma cox2e <0. B arom cirydae u3
HepaBeHCTBO (7) ¢ ydeToM HEpaBeHCTBO (3) umeeM:

_1
1720 i |41 02 AU i S0 2O I gy 20526 || AU 2 o €

-1 ) ) 2cos2¢ 4 cos2e
SHPA(DOUHLZ((O,I):H) doos’ & Hq)o HL,((Ol)H)<(05 - 7 cos? )H(I) L, (O,):H) =
1
-1 2
=a 70 2€||(D0u L, (0,1):H)
CnenoBaTeilbHO
10" A L € @ ——— || Dy |
P L ((0.D:H) [[S 2cos’ e oY 1L, (0,1x:H)
)41
| , ) 1 )
o 20" P Ll ]mHQOUHLZ((O,I):H)

CrnenoBaTenbHO NpU % <e< % nMeeM
S Sigh

2 _ —
|| Au ||L2((0,1):H)||_|| P u ||L2((0,1):H)S 24 m ” (I)ou ||Lz((0,1):H)_

1
\/ECOSS_ I (Dou ||L2((0,1):H)

=
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oS <t )

\/— H(D u||L2((01)H)
2cos€E
CrnenoBaTenbHO, paBeHCTBO (4) U (5) Tak)Ke JOKa3aHBbI.

W3 HepasectBa 3)-5) nmoiy4yaeTcsi CIASAYIONINE CIEACTBUS:

lu”

Lz((O,l):H)HSH P |||_2((0 l)H)—

2 <y *
| A%u ||L2((0,1):H): d (&;a; )| Pyu ||L2((0,1):H)’
2 <y *
| A"u ||L2((0,1):H): dy(&;a; )] Dyu ||L2((0,l):H)’
l4 *
|u ||L2((0,1):H): d, (&;058)|| @,u ||L2((0,1):H)5
rae wucna d,(&;0; ) ,d,(g;05 ) ,d,(&; 0 ) onpenencubl U3 HepaBEeHCTBO
3)-5).
JIOKa3aTeNCTBO CIIeAyeT U3 TOro 4T omepatop A Tarke MMeeT BCe CBOHCTBA
oriepaTop A TO3TOMY cjiesiasi AHATOTHYECKHAE BKIIAIKK TOJydaeM YTBEPXKIe-
HHE CJIEJICTBHSL.
OcHOBHbIE Pe3yJbTaThl
HNwmeer mecto cnenysmas
Teopema 2. Oneparop @, msomopdro orobpoxaer D(®,) =W, ((0,]):H) ua
L,(R+:H)
Hoxka3zatenncro. U3 teopemsr 1 crnenyer, uro eciu P ,Uu=0, o u=0, r.e
Ker @, ={0}
Anasornano noydaeM uto, Ker®d, ={0}. Torna Im®, Bcromy mmorso B L((0):H).
o 2 2
C npyroit cToponbl, 04eBUIHO, 4TO || DU [[{ o1y 2 CONSE || U Ky (0.1
ITockonbky || D u ||Lz((01)H)_\/_||u llw, (rs:+)> TO 1O Teopeme banaxa 06 00-

paTHOM oIlepaTope IOJyyaeM, YTO YTBEPEXKJEHUE TeopeMbl BepHO.Teopema
J0Ka3aHa.

Tenep nokakeM OCHOBHYIO TEOPEMBI.

Teopema 3. [1ycTh BBIOJHSAIOTCS yCIOBUSA 1)-3) M IMEET MECTO HEPABEHCTBO

a(e o f)=d, (505 B) 1By [ +d, (&5 B) I B, [|+d, (€501 B) || B, [<1
TO 3a/1aua (1), (2) peryisipHO paspermmo, rjae YUCJIO0
d, (& p), d(ga;B) , d,(&0; ) onpenenens us HepaBeHCTBO 3)-5).

Jlokaszarenbero. Hanumem 3anauy (1),(2) B Buge @ U+ U= f rae
ue D(L,)= W, ((0)):H), feL,((0,]):H). 13 teopems! 1 cnexyers, uto s

mo6oro Ve L,((0,1):H) cymecryer ue D(L,)=W, ((0,]):H), Takoe, uTo

11



®,u=Vv. Torma mnoiydaeM ypaBHEHHIO V=(I)1<D51V =fs POCTPaHCTBE
L,((0,1): H). Tak xak nmpu ;mo6om Ve L, ((0,1): H).

2 2
19,5V 1 o7 @1 [l oS Zon AU < _ZOII B, ; | A"
]= ]=

L2 ((0.1):H)

VYuutusas HepaBeHcTBO (3)-(4) u3 TeopeMsl | nonyyaem, 4To
2
-1 <y — <y
| (qu)o v HLz((O,l):H)S ZH Bz-jd j (& 0(7,8) | (Dou HLz((O,l):H)_ q(e; a,ﬂ) v ”Lz(((),l):H)
j=0

Tak kak, 0<q(e;o;8)<1, 10 V=(E+®®)"'f a ue ®,(E+®,®,")"' f.
Otcrona

umeeT, 910 | U [y, 4, < const|| f | . Teopema mokazaHo.

L2 ((0.1):H)
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IKiTORTIBLI ELLIPTIK TiP OPERATOR-DIFERENSIAL
TONLIK UCUN BiR SORHOD MOSOLOSININ HOLL OLUNMASI HAQQINDA

S.S.MIiRZOYEV, G.A.AGAYEVA
XULASO

Isdo sonlu oblastda ikitortibli operator-diferensial tonlik iiciin bir sorhoad mosalasinin
hall olunmasi aradirilmigdir. Serhod masalasinin holl olunma sortlori vo operator omsallar
arasinda olaqo tapilmigdir.

Araliq toroms operatorlarinin normalart haqqinda teorem isbat edilmis vo onlarin hall
olunma sortlori ilo olagosi gostorilmigdir. Biitiin holl olunma sortlori verilmis tonliyin operator
omsallarinin xassolori ilo ifado olunmusdur.

Acar sozlor: Hilbert fozasi, operator-diferensial tonliklor, sorhad masalosi, requlyar
hall olunma.

SOLVABILITY ONE BOUNDARY VALUE PROBLEM ELLIPTIC
OPERATOR-DIFFERENTIAL EQUATIONS OF THE SECOND ORDER

S.S.MIRZOYEV, G.A.AGAYEVA
SUMMARY

In this paper investigates solvability of some boundary-value problem for second order
differential equations of elliptic type on the finite interval. The proved teorems of the norm of
intermediate derivativs. Their relation with solvability conditions of the considered value
problems.

All obtained results were exprossed by the properties of the coefficients of operator-
differential equations.

Keywords: Hilbert spaces, operator-differential equations, boundary-value problem,
regulyar solvability.
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YAK 305.397

O CUCTEMHOM NOAXOAE NPUHATHSI PEIJ.IEHPIfI
B YCJIOBUAX HEOIIPEJAEJEHHOCTHU CUTYALIUU

P.M.KYJIMEB, ®.A.MUP30OEB

Hacmoswasn paboma nocesujena 06cyscoeHur0 0CHOGHbIX NPUHYUNOE MOOETUPOBAHUS
VNpAeieHuecKol 0esamenbHOCmU 8 YClogusax Heonpedenennocmu cumyayui. Ocobo 6viio om-
MEUeHO 4mMo, meopusi HeUemKUX MHONCECME, KAK 0080IbHO HOB0€ HANpasieHue NpukiaoHol
MAMEMAMuKY, CeA3aHHOe ¢ UMEHEeM BUOH020 Mamemamuka coepemennocmu J1.A.3aoe, aeus-
emcsi 0O0OHOU U3 OYPHO PA3BUBAIOUWUXCL Meopuell 8 COBPEeMEeHHOU Hayke. Dmo 00YCl06/1eHO
VOQUHbIM NpUMEHEeHUeM dMOL Meopuu 8 COBPEMEHHbIX HANPAGIEHUSAX HAYKU U MEeXHUKU, ma-
KUX, KaK npodiemvl UCKYCCMBEHHO20 UHMELNEeKMA, NPUHAMUE PeuleHUll U YNPAeleHusl, pacno-
snaeanusi u ouaznocmuku. C Opyeoil cmopoHvl, MHO2UE 3A0aYU IKOI020-IKOHOMUYECKO20 Xd-
pakmepa, maxue, Kak npooOieMbl OXPambl OKpyAscaroweli cpedvl, COXPAHEHUst pecypcos u opy-
2ue, C800AMCSA K MOOCTUPOBAHUIO (8 HACMOosAWee 8pems mPYOHO HALMU 00IACHb 4el08e4ecKol
OessmenbHOCHU, 8 KOMOPOU He UCHOIb308ANUCH Dbl Memodbl MOOeIUPOSAnUs) COOMEemcni-
BYIOWUX ONMUMUSAYUOHHBIX NPOYECCO8, 8 KOMOPLIX MECHO Nepeniemenvl pasHOPoOHble Heon-
peodenentbvle nepeMeHHbIe.

KuroueBble cji0Ba: HEONPENEIEHHOCTD, NPUHATUS PEIICHUM, TEOpUsS HEYETKHX MHO-
JKECTB, HHBECTUIIMOHHBII MPOEKT, CUCTEMHBIH HAYYHBIH MOIXO0/, SKOJIOTHIECKHH (aKTop.

B skoHOMUKE 1 ylpaBIeHUU NPUXOAUTCS IPUHUMATh PEILIECHUS B YCIOBU-
X HEOIPEICIIEHHOCTH, HAIIPUMEP, SKOHOMUYECKOIO OKPYKEHUS, COCTOSHUMI
(MHAHCOBBIX aKTUBOB U T.N. /Ui mpenonpenienieHus HeONpeIeNeHHOCTH U MU-
HUMM3ALUK pUcKka HEI(P(HEKTUBHOIO YIpPaBJICHHUs MCIOIb3YeTCs pa3Hble MOAX0-
apl. Mcropuuecku mepBbIM M HanOosiee paclpOCTPAHEHHBIM SIBIISICTCS BEPOSIT-
HOCTHBIM IIOAXOJ ydeTa HeompeneineHHocTH. Ho ero mpumeHenue He Bceraa
KOPPEKTHO, IOCKOJIbKY TPeOYyeT CTaTHYECKOH OJJHOPOIHOCTH CIy4aifHBIX COOBI-
TUN W 3HAHWS 3aKOHA pacnpeneneHus. [Ipyroil moaxos MCNoab3yeT MUHUMAKC-
HBI [IPUHLMIL, T.€. BBIOOp HAMMEHEE IIOXOT0 U3 CaMbIX XOPOIIUX CLEHAPHUEB.
Ho ux oxugaeMocts yacTo HU3Ka U TpeOyeT He BCerja ONpaB/laHHbIX 3aTpar.

CoBpemeHHbIE pa3paOOTKU MO MPUHATUIO PELIEHUN B YCIOBUSAX HEOIPE-
JICJICHHOCTEH B OCHOBHOM CBSI3aHBI C IIPWJIO)KEHHEM TECOPUU HEUETKUX MHO-
xecTB. HeueTko-MHOKeCTBEHHbIE MOJIENH, 3a4acTyI0 IPECTABICHHBIE B BUE
IIPOrPpaMMHOI0 OOECleUYeHHs JUIsl IePCOHANbHBIX KOMIIBIOTEPOB, MO3BOJIAIOT
KaK MEHEKEpaM pa3IMYHOrO YpPOBHS, TaK MU COOCTBEHHHKAM MPEANPHUITHN
IIPMHUMATH YKOHOMHYECKU I'PAMOTHBIE PELICHHUS.

OTmeTum, 4TO AJISl MOJABIIAIONIETO OONBIIMHCTBA YEIIOBEUECKUX pelIe-
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HUW HEJb35 TOYHO PacCUMTATh M OLCHUTh MOCIEACTBUA. MOXKHO JIMIIb IIpea-
II0JIOKUTh, YTO OIPEACIECHHBbI BapUaHT PELICHUs NPUBEIAET K HAWIydlIEeMy
pe3ynbraty. OJHAKO Takoe MPEANOI0KEHHE MOXKET OKa3aThCsl OLIMOOYHBIM,
MOTOMY YTO HUKTO HE MOJKET 3arJIIHYyTh B Oyayllee U y3HAaTh BCE HABEPHSKA.
C npyroil CTOpOHBI, YEIOBEUYECKUE PEIICHUS SIBISIOTCS UCKIIOUUTEIBHO BaX-
HBIM JUIsl TIPAKTHKH ¥ MHTEPECHBIM JJIsi HAyKH OOBEKTOM HMCCIEIOBAaHUA. Y C-
Tynasi KOMIBIOTEPY B CKOPOCTH M TOYHOCTHU BBIUMCIICHUM, YEIOBEK TEM HE
MeHee 00J1alaeT YHUKAJIbHBIM YMEHHEM OBICTPO OLIEHUBATh OOCTAHOBKY, BBI-
JIeNIATh TJaBHOE M OTOpachiBaTh BTOPOCTENEHHOE, COM3MEPSTh MPOTUBOPEUH-
BbIE OLICHKH, BBIIOJIHATH HEONIPEAEIEHHOCTh CBOMMU JIOTaJKaMU. JTH LIEHHBIE
KayecTBa CHacaly JIFOAEH Ha BCEM MPOTSIKEHUHU YeloBedecko ucropuu. Kak
YeJI0BEK IPUHUMAET pELICHHE, IIOUYEMY OJIHU IPEyCIEBAOT TaM, T JIpYyrue
TEpISAT HeyAauu, BO BCEM 3TOM clieayeT pazoOparbes. CienoBarenbHO, MPUHS-
TUE PELIEHMs] €CTh IOCTOSIHHO pelllaeMasi B IPOLECCE YIIPABIICHUS 3a/1a4a.
3ajaya NPUHATHS PEUICHUI HAlpaBJIeHA HA ONpPENEICHUE HaWIydllero
(onTUMaANBHOTO) crocoba NEHCTBUI NSl JOCTUKCHHS TTOCTABJICHHBIX IIEJICH.
[loxg wenpro MOHMMAETCS HII€ATBHOE MPEICTABICHUE HKEJIAEMOrO0 COCTOSHUS
WK pe3yibTara AedarenbHocTH. Eciu (hakThueckoe COCTOSHUE HE COOTBETCT-
BYET JXKeJIaeMOMY, TO UMEET MeCTO pobiema. BripaboTka miiaHa AeCcTBUN 10
YCTPaHEHUIO MPOOIEMBI COCTABIISIET CYITHOCTD 33/[a4l IPUHATHS PEILICHHA.

[IpoGnema Bcerma cBsi3aHa C OINpPEACICHHBIMU YCIOBUSIMH, KOTOpBIE
00001IeHHO Ha3bIBAIOT cUTyanussMu. COBOKYMHOCTh MPOOJIEMbl M CHTyalluu
oOpa3zyeTt npoOJIeMHYI0 CUTYallI0. B ycloBUSX HEONpeneIeHHOCTH Pa3InyHO-
ro poja (BepOSTHOCTHOTO, HETOYHOTO, HEUYETKOTO | T.II.) MPOOJIEMHAsI CUTYya-
1M OIpesiesieHa He MOJHOCThI0. HeonpeneneHHoCTh MOKeT ObITh 00YyCIIOBIIe-
Ha pa3IMyHBIMU (PaKTOpPaMH, HallpUMEpP, HEM3BECTHOCTHIO CIPOCA Ha MPOIYK-
LMI0, HESCHOCTBIO B BO3MOXHOCTSIX MCIOJIb30BaHUSI HAYYHO-TEXHUYECKHUX
JOCTH>KEHUM M IPYTMMM IPUHIOMIAMU. B KadecTBe mpumepa pacCMOTPUM 3a-
Jlaqy IMPUHSATHE WHBECTHIIMOHHOIO PELIEHUS B YCIOBUSIX HEOIPEAEIIEHHOCTH
(cm. Hanp. [1]).

N3BecTHO, YTO MOJI MHBECTULIMENW TOHUMAETCS KaK JI0JITOBPEMEHHBIN OT-
Ka3 HKOHOMHYECKOTO CYObEKTa OT TMOTpeOJCHUs HMMEIOLINXCS PECypCcoB
(0OBIYHO KamuTana) U JOATOCPOYHOE BIOKEHHE UX B MPOU3BOJICTBEHHYIO MM
ApYyryio cdepy AEATEIBHOCTU C LEIbI0 MPOU3BOJICTBA TOBAPOB M YCIYT IS
MOJIy4eHUsl MPUObUIM U YBEIUYEHHUS B OyayIlIeM CBOEro OJarocCOoCTOSHUS WIH
JOCTUKEHUSI COLIMANIBHBIX PE3YJIbTAaTOB (PELIECHUS! SKOJOTMYECKUX, MEIULMH-
CKHX W JAPYTHX Mpo0em).

WHBECTULIMOHHBIM ITPOEKTOM, KaK M3BECTHO, HA3bIBAETCS IUIAH WJIN IIPO-
rpaMma MEpPONPHUATUN MO OCYHIECTBICHUIO KalUTAIbHBIX BIOXKEHUW JJIA IO-
CJICAYIOIIETO BO3MEIICHHS: MOMydeHUE NMPUObUIN MM JOCTH)KEHHE COLUAIIb-
HBIX U T.II. p€3yJbTaTOB.

[pu uHpOpPMAIIMOHHON HEONPEENCHHOCTH CYIIECTBYET PUCK MHBECTHIIU-
OHHOTO MpoekTa. MHpopMaImoHHas HEONpeeICHHOCTh B OTHOILICHUAX OyayIie-
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IO COCTOSIHHS PhIHKA HE MO3BOJISIET YUECTh B MHBECTUIIMOHHOM MPOEKTE TUHAMU-
Ky LIEH U 00BEMOB pealin3yeMON MPOJYKIIUU, ChIPhS U MaTEpUaIOB, MOJUTHYE-
CKOM CUTYyaIlH, JEHCTBUI KOHKYPEHTOB, TOTOIHBIX U APYTUX YCIOBUH.

IIpuMeHeHNEe HAYYHO-CHCTEMHOTIO MOX0/1A
B Mpoueccax NPUHATHS PAIMOHAIBHBIX PelleHn i

[TpoOeMbl IPUHATHS PEIICHUH B YCIOBUSIX HEONPEACICHHOCTH OYCHb Pa3-
HOOOpPA3HBI U MO CBOEH CIIOKHOCTH 3HAYUTEIILHO MIPEBOCXO/IAT TOAOOHBIC 3a1a4n
B JICTCPMHHUPOBAHHOM (T.€. B OTCYTCTBHH HEOIPEICIICHHOCTH ) ClTyJae.

s popmanu3anuy OOJIBIIMHCTBE 33/1a4 TCOPUSI MPUHATHS PEIICHUN B
YCIOBUSAX CTOXACTUYECKOW HEONMPECICHHOCTH, KaK MPaBHJIO, UCIOJIb3YEeTCS
TEOpHUsl BEPOSTHOCTEH, a TakKe pa3padOTaHHBIC HA €€ OCHOBE TCOPHUS CTaTH-
CTHYECKHX PEHICHUI U MacCOBOTO 00CTY)KUBAHUS.

YcnenHoe npuMeHeHNne MaTeMaTHYECKUX METOJIOB ISl aHAJIM3a MHOTHX
MPUKJIAJHBIX 33724 ¢ HETOUYHBIMH ITapaMeTPaMH MOXKET BBIITOJIHATCS C IPUME-
HEHHUEM METOJI0B MHTEPBAILHOTO aHayiu3a (cM. Hamp.[4]).

B ynpasnenueckoii aesirensHOCTH 1110, IPHHUMAIOIIEE PELICHHS, YACTO
CTAJIKUBAETCS CO MHOXECTBOM CIIy4aeB, KOTJa HEBO3MOXKHO H30€XaTh IPO-
OJIeMBI yueTa HEONPEeeICHHOCTH, 00yCIOBIEHHBIC HeYeTKOCThIO (fuzzy) nenu
1 (W) OrpaHUYEHUH.

YBepeHHBIM IIaroM mpu (hopManu3ainuy U aHadu3e TaKuX 3aaad MPHHS-
TUSL pelIeHui (a TaKKe MPH MPUMEHEHUH WH(POPMALMOHHOW TEXHOJIOTHU B

«HETPAJULUOHHBIX)» WU «TYMaHUTAPHBIX» 00JIACTAX, TaKUX KaK SKOHOMHKA,
MEIUIIMHA, COLIMOJIOTHS), & TAKXKE /Il IOCTPOEHUSI MaTEMaTHUECKOM, IKOJIOrO-
SKOHOMUYECKON M T.J. MOJEJIEH KOHKPETHBIX MPOLIECCOB, anmapaT TEOPUH He-
YETKUX MHOYKECTB CUYMTACTCS JOBOJBHO HOBOE HAINPABICHHUE B IPUKIIAJIHON
MaTe€MaTHUKe, CBSI3aHHOE€ C HMEHEM BHJIHOTO MaTe€MaTHhKa COBPEMEHHOCTHU
JLA 3ane [2].

Kak mpaBuiio, OCHOBHOU II€JIbI0 JIFOOOTO MPEeANpUsTUS SIBISETCA TOTY-
YeHune mpuobLIU. B cuTyanuu ¢ co3nanueM win GyHKIIMOHUPOBAHUEM JTFOOOTO
(buHAHCOBOrO0 CyObEKTa BO3ZHUKAET IpobiieMa ero JTOXOAHOCTH, TaK KaK €clid
€ro JI0XOJIHOCTh HIKE CpeHed O0aHKOBCKOW MPOIEHTHOM CTaBKH, TO €ro Cy-
LIECTBOBaHUE OECCMBICICHHO C TOUKH 3pEHUS MoiydyeHus npuosuiu. B ¢punan-
COBBIX, TaKMX KaK OaHKH, MHBECTHIIMOHHBIC (OHIBI, CTPAXOBbIE KOMIIAHWH,
Opokepckue, nuinepckue GUPMBbL U T.J. OCHOBOIIOJIAralOIIMMA MOMEHTAMHU SIB-
JSIOTCST IPUOBLUTH OT Pa3MEIICHHBIX CPEACTB M PAacXojbl B BHJIE BBIILIAT IO
[IPUBJICYEHHBIM CPEICTBAM.

Baxkneiimieid 3ajadeii koMmMepyeckux OaHKOB TaKXKe SIBISIETCS I0JIyde-
Hue npuObutn. [l 3TOM LIeTM OHU HCIIOJIb3YIOT Pa3IMYHbIE BO3MOKHOCTH, B
TOM YHCIIE - pacIIMpEeHUe KPEIUTHBIX ONepaluii, yBeJInueHHe oobema yCiyrT,
OKa3bIBaEMbIX HacelleHHI0. BmecTe ¢ Tem BechbMa Ba)KHO U1l KaXKAOro OaHKa
NoJAep )KaHue JTUKBUIHOCTH, IO KOTOPOI OOBIYHO MOHUMAETCS COCOOHOCTh
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0aHKa CBOEBPEMEHHO U MOJHOCTHIO MOramiaTh CBOM 0053aTeNbCTBA Mepe KITH-
SHTYpO, APyruMH OaHKaMH U T.[.

CoueraHue CTpEeMIICHUI- K YBETMYCHUIO MPUOBUTH U TOJACPKAHUIO JIU-
KBUIHOCTH - JIOJDKHO CITY)KHTh Ba)KHBIM OPHEHTUPOM B JIESATEILHOCTH OAHKOB.
OpHako B JEMCTBUTENBLHOCTH HE BCET/Ia MIOCIEI0BATENbHO COOII0IAaeTCs.

Jnst Gombiieit 000CHOBAaHHOCTH MPUHSTHSL YIPABICHUYECKUX PEIICHHUHA MO
MIPUBJICUCHUIO U Pa3MEILEHUIO JICHEXKHBIX CPEICTB IMpeNIaraeTcs pacCMOTPETh
O0IIYyI0 METOJMKY pacdyeTa OCHOBHBIX TOKa3aTeJel NesITelbHOCTH OaHKa M MX
nporuo3upoBanue. OCHOBHBIE TIOKA3aTEIN BBITEKAIOT U3 OCHOBHOI'O Ha3HAUCHHUS
0aHKa - MPUBJICYCHUE U Pa3MEIICHHE JICHEKHBIX CPEeACTB. JlJIsl MPUBICYSHHBIX
CPEACTB - Cpe/IHAs MPOLIEHTHAs CTaBKa MO MPUBJICYCHHBIM CPEICTBAM, JUIS pa3-
MEILEHHBIX-TOXOAHOCTh AKTUBHBIX OIEpPAIMii (PACCUNTHIBACTCS B IIPOLICHTAX ).

EctectBeHHo, 4TO Ui pacyera mokaszaTesieil HEOOXOAUMO HaJIMYUE UH-
¢dbopmanmy, HaKaIUIMBaeMoOH 3a mepuoi. B OaHKOBCKOM jeje CerogHsl 3TO He
MIpe/ICTaBJIsIeT TpyAa T.K. Bce 0aHKU UMEIOT aBTOMATU3UPOBAHHbBIE CUCTEMBI IO
00ECIIeYeHNIO OMEPAMOHHOTO /sl 0aHKa M HAKaIUIMBAIOT MH(POPMALHUIO C
MOMEHTa co3/laHus OaHka (cucTembl). Takum 00pa3oM ¢ HaJWYHEM JaHHBIX
it 00paboTKM 3aTpynHeHui Oyaro Okl He cymecTByeT. OgHaKo, Kak Obuia
OTMEYEHO BBIIIE 3TU JAHHBIE (UJIM YaCTh ATUX JAaHHBIX) OOBIYHO HOCSAT HEYET-
KHUX XapakTep, T.K. OHU B OCHOBHOM OIIPENENAIOTCA CyObEKTUBHBIM (IKCIIEPT-
HBIM) ITyTEM.

B ciywyae mpuMeHEHHsI HEYETKHX METO/OB, HalpuMep, B (PHHAHCOBOM
Jielie B OTVIMYME OT CYIIECTBYIOIIMX METOJIOB IUJIAHUPOBAHUS M YIPAaBJICHUS
€CTh BO3MOXKHOCTh AKTUBHOTO HCIIOH30BAHUS PA3IMYHBIX MHEHHA JIUII, OCY-
LIECTBIISIONIMX JIAHUPOBAHUE U MPUHUMAIOIINX PELICHUS.

[TpoGnema m3ydeHusI B3aUMOCBSI3eH IKOHOMUYECKUX MOKA3aTelNeH sIBIIs-
€TCSl OJTHOM M3 BaXHEHITMX MPOOJIEM SKOHOMUYECKOTO aHanmu3a. [loatomy sro-
0as yrpaBlieHUYECKasi ICATEIbHOCTh 3aKII0YACTCS B PETYIUPOBAHUNA YKOHOMHU-
YeCKUX MEePEeMEHHBIX, U OHA JOJKHA OCHOBBIBATHCS HA 3HAHUU TOTO, KaK 3TH
MIEPEMEHHBIC BIHSIIOT HA JPYTHe MEPEMEHHBIC, SBISIONIUECS KIIOYSBBIMU IS
MPUHUMAIOIIETO PELICHUs MOJUTHKA. Tak, B PHIHOYHON SKOHOMHKE HEJb3S
HETOCPEJICTBEHHO PEryJIMPOBaTh TEMIT HH(ISAINH, HO HA HETO MOXHO BO3/ICH-
CTBOBATh CPEJCTBAMU OIO)KETHO-HAJIOTOBOW U KPEIUTHO-ICHEKHON MOTUTH-
ku. [ToaToMy, B 4acTHOCTH, 0JDKHA OBITH M3y4Y€HA 3aBUCUMOCTh MEX]y TPe/-
JIO)KCHUEM JICHET U YPOBHEM IIeH (cM. Hamp.[5]).

Hacrosimas pabota B OCHOBHOM IMOCBSIIEHA OOCYXKIIEHUIO OCHOBHBIX
MIPUHILIMIIOB MOJEIUPOBAHUS B YCJIOBHSIX HEUYETKOW HeompeneneHHOCTH. Ha-
puUMep, MpH onpeaeaeHnd Kod(pPHUIUEeHTOB Aj-COOTBETCTBYIOIIECH JTHHEHHON
perpeccuoHHON Mojenu (X;- MoKa3aTelnu UCCIeayeMOro 0ObeKTa)

Y=AX+e ¢ ¢ +A X,

Koaddunuentei— napamerpsl (A, Az A,) ITOH MOAETU E€CTECTBEHHO
OTOKIECTBIISIETCS C HEUETKUMH MHOXECTBaMH (B OOJIBIIMHCTBO CIyYasx - He-
YeTKUMHU YHCJIaMH), & MOJEITUPOBAHUE JIOJDKHO BBITIONHATCS JJISI HEYETKUX
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SIBIEHUN U cucteM. [Ipu 3TOM pelieHns nojgydaercs B HEYETKOM BHJIE, COOT-
BETCTBYIOIIEM HEUETKOCTHU 33JaHHONW HHPOpMALIUH.

[IpencraBnenHas pabota B MACHHOM IUIaHE MPUMBIKAET K padote [3], rae
JlaH CTIOCO0 MPHUOIMKEHHOTO PEIICHHsI JTMHEHHBIX HEUSeTKUX YpaBHEHUH U He-
paBeHCTB. Takue HeyeTKHE COOTHOLIEHUE IPEACTABIISIIOT TAKKE OINpPEAEIICH-
HBbIM MHTEpEC B 3ajayax YIpaBIEHUs CIOKHBIMU CUCTEMAMM, MEIUIIMHCKOU
JUArHOCTUKU U MHOTHUMH JAPYTUMH, B KOTOPBIX OIpeesstonie GakTopsl yac-
TO HOCSIT Pa3MBITBIN XapakTep, a HHOM pa3 BOOOIIE ONpPEesOTCs CyObEeKTHUB-
HBIM ITyTeM. B OOJBIIMHCTBE 3a/1a4 TaKOro pojJa HEYETKHIl rapaHTUPOBAHHBIH
pe3yabTaT CTAHOBUTCA JYYIIUM (B CMBICIEC ONTHMHU3AIMM), Y€M OOBIYHBIH,
Bellb OOBIUHBIE MHOXKECTBA SBISAIOTCS IMOAMHOXKECTBAMH COOTBETCTBYIOILIUX
HEYETKHX MHOKECTB.

OTmeTHM, YTO MPU BIOKEHUU UHBECTHUIIMH B peajbHYyI0 SKOHOMUKY OaH-
KaM U JJPyTUM MHBECTOpPaM LIEIeCO00pa3HO YUUTHIBATh HE TOJIBKO MHBECTHIIM-
OHHYIO NPOrpamMMy, HO U (DMHAHCOBYIO, MPOU3BOACTBEHHO-X03MCTBEHHYIO U
COLIMAJIbHO-9)KOHOMUYECKYIO JEeSATENbHOCTh mpeanpusatuil. Iloatomy muno,
npuHumaroiee peuienue (JIIIP) 3auntepecoBano B uccieqoBaHUM B3aUMOCBSI-
3M MHBECTUIUH C IpyruMu chepaMu M, Ipexe BCero, ¢ GMHAHCUPOBAHUEM U
TIPOM3BOJICTBOM.

Crioco6bl TPUHATUS WHBECTHLMOHHO-(DMHAHCOBBIX IMPOTPAMMHBIX pe-
IICHUH B YCIIOBUSX ONPENEICHHOCTH CUTYaIlHil (T.e. Koraa Oyayiiue J0X0Ibl U
pacxozbl, CBA3aHHbBIE C peaju3aliell MHBECTUIMOHHOIO IPOEKTa, Ipejjiara-
I0TCS M3BECTHBIMHM) MOXHO OOBEIMHUTH B TPYIIY MOJEJCH, MO3BOJSIOLIUX
OIIpEAEIUTh

- ONTUMAJIBHYIO MHBECTHI[MOHHYIO IPOTPaMMy IIPH 33JaHHOM NI OTAEIb-
HOTO MHBECTUIIHOHHOTO OOBEKTa MPOU3BOJCTBEHHON MpOrpamMMme C 3aJlaHHbIM
MIPOU3BOJICTBEHHBIM OIOKETOM;

-OJJTHOBPEMEHHO, KaK MHBECTHUIIMOHHYIO, TaK U ()MHAHCOBYIO MPOTPAMMBI
IIPYU 33JaHHOW IIPOM3BOACTBEHHOM ITporpamMMme Jijisi OTAEIbHOIO WHBECTUI[MOH-
HOTr'0 00BEKTA;

-OJJHOBPEMEHHO ONTHMAaJbHbIE WHBECTHIMOHHYIO U (UHAHCOBYIO IpO-
rpaMMBbI NP 33JaHHBIX (PMHAHCOBBIX CPEACTBAX U MPH BOBJICYECHUU B MOJICINb
pa3nUyYHbIX anbTepHaTHB (puHaHcupoBaHus. OAHAKO, MEpPeXoJ K PHIHOYHOMN
CUCTEME XO3SMCTBEHHBIX CBSI3€H NPHUBOIUT K CYLIECTBEHHOMY PaCIIMPEHUIO
MHBECTUIIMOHHON JesTenbHOCTH Onaroaapss GOpMHpPOBAHUIO U PAa3BUTHUIO Ha-
psAy ¢ ppIHKaMH TOBApOB M YCIIYI PbIHKA KaluTaja, KOTOPbIM MPEACTaBIsAET
co00i1 Oompe/eNIeHHYI0 COBOKYIHOCTh Pa3NYHbIX (PUHAHCOBBIX PHIHKOB. Ilo-
3TOMY Il 3HAYUTEIBHON YacTH MHBECTUIIMOHHBIX MPOEKTOB OyIyIIue J10X0-
JIbl U PacXo/ibl, CBA3aHHBIE C pealn3aluell HHBECTULMOHHOIO ITPOEKTa, HE MO-
T'YT ONpPENENATHCS OJHO3HAYHBIM 00pa3oM, M MHBECTOPHI NpU O0OOCHOBAHUHU
CBOMX pEUICHUH YacTO CTAJIKUBAKOTCS C HEOIPEACIICHHOCTBIO HMX OLICHKHU.
[TpuyrHBI 3TOr0 0OCTOATENBCTBA OO0YCIIOBICHBI KaK CaMOW CYThbIO PBIHOYHOMN
SKOHOMHUKH (TIpU KOTOpOU Oyayiue pe3yabTaTbl MHBECTUIIMOHHON WIJIM UHOM
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MPEeANPUHUMATEIBCKON IEATEeIbHOCTH CYIIECTBEHHO 3aBUCSAT OT PBIHOYHOM
KOHBIOHKTYPHI, UCIBITHIBAIONICH BIMSHHE MHOKECTBA (DaKTOPOB, HE 3aBHUCH-
IIMX OT YCUJIUN WHBECTOPOB), TAK U TE€M, YTO SKOHOMHUYECKUE SIBICHUS U MPO-
LIECChI KaK MPaBUJIO, MOABEPKEHBI BO3JICUCTBUIO JJOCTATOYHOTO YHCIIa HEIKO-
HOMHYECKHUX (DaKTOPOB (KIMMATHYECKHE U MPHUPOJIHBIC YCIOBHS, MOIUTHYE-
CKHE, COLIMAJIbHBIC U Jp.), KOTOPbIE HE BCErja IMOJAAI0TCS TOYHOM OIEHKE U
MIPOTrHO3UPOBAHUIO.

OnTuMHU3aMOHHAS MO/ EJIb IKO0JIOI0-DKOHOMHUYECKOI0 XapaKrepa

€ HeYeTKHMH NapaMeTpamMHu

Kak 6bu10 OTMEUYEHO BbIIIE, TEOPUS HEYETKUX MHOKECTB, KaK JOBOJBHO
HOBOC HaIIpaBJICHUC HpHKHaHHOﬁ MaTEMAaTUKU, CBA3aHHOC C UMCHEM BHJIHOI'O
MareMatuka coppemeHHoctH JI.A.3ane, sBiseTcs 0HON U3 OypHO pa3BHBalO-
IIMXCSl TEOPUI B COBPEMEHHOH Hayke. ITO 00yCIIOBICHO yJauyHBbIM IpPUMEHE-
HUEM JTOW TEOPHUU B COBPEMECHHBIX HAIPABICHUSAX HAYKH U TEXHUKHU, TaKUX,
KaK Mpo0JieMbl UCKYCCTBEHHOTO MHTEIJICKTA, IPUHATHE PELICHUN U yIpaBJe-
HUS, PACIIO3HABAHMS U IUAarHOCTUKUA. C Ipyroi CTOPOHBI, MHOTHE 3aJa4U KO-
JIOTO-DKOHOMHUYECKOTO XapakTepa, Takue, Kak MpoOJIeMbl OXpaHbl OKPYXKaro-
LIel cpezbl, COXpaHEHHs PECYpCOB U ApPYIrHe, CBOAATCS K MOJEINPOBAHUIO (B
HACTOSIIEE BpeMs TPYAHO HAWTH 00JIACTh YEIIOBEUECKOMN JIeATEIHHOCTH, B KO-
TOPOM HE HCIOJIb30BAINUCH ObI METO/bl MOAEIMPOBAHMS) COOTBETCTBYIOIIUX
OINITUMHU3AIIUOHHBIX ITPOLECCOB, B KOTOPLIX TCCHO MCPCIJICTCHBI Pa3HOPOJAHBIC
HEOIIPECIICHHBIEC IEPEMECHHBIE.

Teopust HEYETKUX MHOXKECTB K HACTOSIIEMY BPEMEHH MPUOOpeIa mupo-
KYIO IOIYJISIPHOCTh U IIOJY4YWJIa IIPAKTUYECKOE NPUMEHEHHE BO MHOTHX OT-
pacnsax 3HaHuil. B cdepe nmpunsTUsa pemieHuii Ha 6aze 3TON Teopuu paspado-
TaH U elle HYXKHO pa3padoTaTh MIMPOKHH CHEKTp pa3HOOOpa3HbIX METOA0B. B
YaCTHOCTH, JUISl IPOTHO3UPOBAHUS U IPYTUX MPOOJIEM TUIAHUPOBAHUS B OM3HE-
ce Ha 0a3e JaHHBIX, MOJIYYEHHBIX OT CIELHAIUCTOB, HY’)KHO ITOCTPOUT HEYET-
KM€ HEIIMHEMHBIE pErpeCCUOHHBIE MOJCIIN. B 3TOM ciiydae B KauecTBe HEolpe-
JeJICHHBIX KO03()(PULIMEHTOB MOAEIM 11e1ecO00pa3HO MCIIOJIb30BaTh HEYETKHE
MHO’KECTBA.

Cpenu obnacTeil IMPOKOro MPUMEHEHHUsS TEOPUM HEYETKUX MHOXKECTB
0co00e MeCTO TaKKe 3aHUMAIOT 33J]a4i MaTeMaTHYECKOTO MPOrPaMMHUPOBAHUS
C HEYETKMMU 3HAYEHUSIMM [1apaMeTPOB U (MJIM) OrpaHUYCHUH.

B 3akmrouennu pacCMOTpUM OINTHUMHU3ATUOHHO-YIIPABJIICHYCCKYIO MOJICIIb
IIPOU3BOJICTBEHHOM MPOrpaMMbl OOBEJMHEHUS C KOHEUHBIM UUCIOM IPOU3-
BOJICTBEHHBIX CTPYKTYP C YYETOM HJKOJIOTHYECKOTO (pakTopa (T.e. 4acTh BbI-
IIyCKa IPOAYKLUH 3aTpauyuBacTCs Ha IPUPOJIOOXPAHHYIO IEATEIBHOCTD) !

(C,Y) 2max,
(QY)<R,
Y 20.
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B sTo0it MOenu

V-BeKTOp BapuUaHTOB SKOJIOTHYECKOH mporpammbl; C-BekTop 3¢ dek-
TUBHOCTH BapuaHTOB; Q-MaTpuLa YJEJIBHBIX 3aTpaT BapUaHTOB IIPOIPAaMMBI,
R-BexTop IMMHTa HAa IPUPOJOOXPAHHBIE 3aTPATHI.

[Ipu nepcnekTMBHOM IUIAHMPOBAHUU BO3MOXKHO, YTO KOMIIOHEHTBI BEK-
topoB C,Q, 1 R Ha3HauaroTCs KOOPIAMHUPYIOIIUM LEHTPOM U JOIYCKAIOTCS He-
KOTOPBIE OTKJIOHEHUSI OT «IUPEKTUBHOIO» 3HaUeHUs. B urore 3HaueHUs KOMIIO-
HEHTOB 3TUX BEKTOPOB I1APaMETPUYECKHU 3aBUCAT OT CTEIIEHEW JOITYCTUMOCTH.

O4eBUIHO, YTO NPHU TAKOM TPAKTOBKE KOMIIOHEHTHI BBILICYKA3aHHBIX
BEKTOPOB OYAYT NPEJCTABIATH COOON HEUETKHE MHOXKECTBA JIOIYCTUMBIX 3HA-
YEeHUH KaXJ10ro BapuaHTa 3((hEeKTUBHOCTH, YEIbHbIX 3aTPaT U JUMUTA
Ha IPUPOJOOXpaHHbIC 3aTparhl. 1lomydeHHYI0 3a1a4y HEYETKOro JIMHEWHOIO
IIPOrPaMMHUPOBAHMS MOXKHO PEIlaTh CPEACTBAMH TEOPUN HEYETKMX MHOKECTB.

B GonpmumHCTBO 3a7a4 TaKoro poja HEUYETKUHM TapaHTUPOBAHHBIA pe-
3yJIbTAT CTAHOBMUTCS JIyYLIMM B CMBIC/IE ONTHMHU3ALMK 4YeM OObIYHBINA (Benab
OOBIYHBIC MHOXKECTBA SBIISIOTCS TIOAMHO)KECTBAMH COOTBETCTBYIOIIUX HEYET-
KHX MHOXECTB).

Ha Ham B3risi, Henerko npo0aeMol CeroiHAIIHEro AHs SABISETCS BBIOOD
MOJIXOASIIEr0 MeToJja WM IPOrpaMMHOro oOecrieueH st i MOAEPKKU pa3-
JUYHBIX TPOLECCOB MPUHATUSA perieHnid. [1osToMy 0coOyro axkTyalbHOCTb
IpuoOpeTaeT MPOBEIACHUE CPaBHUTEIBHOIO aHaiu3a (MpH YCIOBHUHU, KOrja
MMEET MECTO HEOIPEASIIEHHOCTh Pa3IMYHOI0 pojia) Cenn(puIeCKUX METO0B
U pa3paboTKa peKOMEHIALUHN 10 UX IPUMEHEHUIO.

3akiouenune

[IpuHsATHE pElICHUN SBISAETCS OJHHUM M3 HAIPABICHUN NPUKIIAJHON Ma-
TeMaTUKH. PaccMoTpeHue mpoueccoB U mpoOsieM NPUHATHUSA PELIeHUuN B pas-
JIMYHBIX HAyYHBIX JUCLMIUIMHAX BIIOJIHE ONPAaBAaHO. L[eHTpasbHBIM U1 3THX
po0JIeM SBJIETCS caM akT BbIOOpa YeIOBEKOM OJHOIO W3 BAPUAHTOB peELIe-
HUW. B oTiiMume OT Apyrux HaydHbIX AMCLMIUIMH B HAYKE O IIPUHATUU pELle-
HUIl OCHOBHBIM IIPEIMETOM SBIIETCS MCCIeloBaHHE Ipolecca BblOopa. OTa
HayKa M3y4aeT, KaK 4eJIOBEK IIPUHUMAECT PELICHUS U KaK CIEAYyeT €My B 3TOM
IIOMOraTh, CO3/1aBas CIIELIMAIbHBIE METOBI U KOMIIBIOTEpHBIE CUCTEMBI. 110sB-
JICHUE KOHCYJBTAaTUBHOM JEATEIBHOCTH SBJISIETCS 3aKOHOMEPHBIM DPE3YJIbTa-
TOM pa3BUTUS HKOHOMHKH. OOBEKTHBHas HEOOXOIMMOCTb MCIIOJIb30BaHMS
KOHCYJIbTAHTOB, AHAJIMTUKOB B aJMUHUCTPATHMBHOM alIapare HENpepbIBHO
Bo3pacraer. Hapany ¢ nmpounmu akropamu 3Ta HEOOXOAMMOCTH CBS3aHA C
OBICTPBIMU M3MEHEHHSIMU B OKPYKAIOIIEM Hac MUpe (Hampumep, OTCYTCTBUE
pPalMOHAIBHON LEJICHAIIPABICHHON IOJIMTHKM K JKOHOMMYECKHM IIOTEPSM,
MIPUBOJAT K CHUIKEHHUIO TEMIIOB HAYYHO-TEXHUUYECKOTO IPOTpecca).

Cy11ecTBYyIOT /iB€ NPUYMHBI, NPEMATCTBYIOLINE UCIIOIB30BaHUIO 0ojee co-
BEPILEHHBIX METO/OB U IIPOLEAYP NPUHATUSA perieHuil. [lepBas u3 HuUX cBs3aHa ¢
TPAIULMOHHBIMU IIPEAPACCYIKAMH COTPYIHUKOB aJIMUHUCTPATUBHOIO aIlapara,
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MPUBSI3aHHOCTBIO K TIPUBBIYHBIM ()OpMaM IMOJIrOTOBKH peleHuid. Bropas — ¢ He-
COBEPIICHCTBOM CTHJISI B METOJIOB pabOThI KOHCYJIBTAHTOB, C HEIOCTATOYHBIM
Y4ETOM MU YEJIOBEYESCKUX M PSIJT IPYTHX HEOPEICIICHHBIX ()aKTOPOB.

JIro60€e COTpyTHUYECTBO PYKOBOJUTENICH U KOHCYJILTAHTOB — JIBYCTOPOH-
Hul nporiecc. He ctouT mymarp, 94To pomaranIucTckas KOMIaHusl, JH00 mpo-
CTO YKa3aHWS BBIIIECTOSIIUX PYKOBOJUTEICH MOTYT CTUMYJIUPOBATh «BHEJIPE-
HHUE» HOBBIX METOJIOB MPHHATHUS pemeHuid. [lerno ropasno cioxHee: HEOOXO-
JMMa COBMECTHAsI M KPOMOTIUBasi paboTa COTPYAHUKOB armapara u KOHCYIb-
TaHTOB. DTa paboTa peaKo MPUBOIAUT K omeaoMstrommmM dddexram. Yynaec He
ObIBaeT, HEJIB3sI ClIENaTh XOPOIIEro BHIOOpA MPHU TOJBKO ITUIOXHMX AIbTePHATH-
Bax. Ho crpykrypusanus mpoiiecca NPUHITHS PEHICHUNA U Pa3yMHOE HCIIONb-
30BaHME PKCIEPTOB MOTYT MPHBECTH K BO3PACTAHHIO CIOCOOHOCTEH PYKOBO-
JMTENsI YBEPEHHO pelIaTh Bce 00Jiee CI0KHBIE MTPOOIIEMBI.

B nacrosimee Bpemsi mepe] ClielUaIMCTaMy 110 METOJIaM MPUHATHS pe-
IICHUH, Tiepe]] KOHCYJIbTaHTAMHA — aHAJUTUKAMHU CTOSIT CIIOKHBIC MPOOJIEMBI.
MHorue peajibHbIe TTPOIECCH, MPOTEKAIINE B aJMUHICTPATHBHOM armapare,
ropaszio CIOXKHEE TeX, U KOTOPBIX YK€ pa3paOdoTaHbl aHATUTHYECKUE TTOIX0-
nel. EcTh, Hampumep, ciydau, KOT/Ia UHTEPECHl Pa3IMYHBIX YacTel OpraHu3a-
IIUY WM Pa3HbIX OpPTaHU3aIMii HE COBMAAAIOT. JTO JaJeKO HE BCET/Ia MI0X0 —
MMEHHO B KOH(QIMKTE BBIPAOATHIBACTCS KOMIIPOMHCCHOE DEIICHUE, YYHTHI-
BaloIlce MHOTHE peajbHbIC OrpaHuYeHus. YacTo penieHus MPUHUMAIOTCS KOJI-
JEKTUBOM pyKoBojuTenel. [Ipu 3TOM BO3HUKAIOT TPOOJIEMBI KOOPIUHAIIUU
MOJIUTUKH BJIHMSATEIBHBIX YWICHOB TOTO KOJUICKTHBA, COTJIACOBAHUS MPOTHBO-
PEYHBBIX HHTEPECOB.

[epeunciennbple MPOOIEMBI UCKIFOYATEIBHO CIOXKHBI C METOI0JIOTHYE-
CKOHM TOYKHM 3peHHs. Ha Hamr B3rsiI, B HACTOSIIEE BPEMsI HET MPAKTUYHBIX
KOHCTPYKTUBHBIX METOJIOB NPHUHSTHS TPYIIIOBBIX PEHICHUH B YCIOBHUSX IPO-
THUBOJICUCTBHUS MPU MHOTUX aKTUBHBIX yUaCTHHKaX. Jlameku oT cBOEro ymoBJe-
TBOPUTEIILHOTO PEIICHUS] MHOTHE OTHOCUTEIBHO 0OJiee MPOCThIe MPOOJIEMBI
MPUHSATHSI UHIUBUIYATBHBIX PEIICHHIA.

Cam myTh K T€M HJIU MHBIM (POPMAIBLHBIM TIOCTAHOBKAM JIOJIOT M TEp-
Huct. OH mpoJieraer 4epe3 MHOTHE MPETPajbl U MPENsSTCTBUS, HEM30CKHBIC B
peanbHbIX cuTyanusax. JKu3Hb TpeOyeT OT KOHCYJIbTaHTa 10 MpodiieMaM MpH-
HSATUS PEIICHUN COYETaHWsI MHOTHX Ka4yeCTB: MCKYCCTBAa aHalWM3a CHUTYaIluH,
y4EeT HEOIPENEICHHOCTEH M PHCKa, TIyOOKHX Mpo(ecCHOHANBHBIX 3HAHHIA,
MIPUEMOB M METOJIOB IPUHATHUS PEIICHUIA, YMEHUS MPEICTABICHHS PEKOMEH/1a-
Ui, TpoeCCHOHATLHBIX HABBIKOB B Pa0OTE C JIFOABMH.

JlJiss MHOTHX KOHCYJIBTAHTOB—CIICIIUATMCTOB 110 METOJIaM MPUHSATHUS pe-
IICHUH 3Ta 00JacTh pabOThl MpPHBIEKATEIbHA WMEHHO HOBBIM COYCTaHHEM
MICUXOJOTHYECKHUX, COLMOJIOTUYECKUX, MAaTEeMaTHYECKUX, JKOHOMUYECKUX
npobaem. B mpejcrosinue necsaTUIeTHss MHOTHE TaK Ha3bIBaeMbIe IMOBEICHYC-
CKHe Haykw, 0€3yCIOBHO, CIENAIOT Iiar BIepea. Torna TMOSBHTCS BO3MOXK-
HOCTBh CTPOUTH HAMHOTO OoJiee A (EKTUBHBIC METOIBI PUHSATHS pemeHuid. Ho
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y)Ke ceiduac HEoOXOJMMO paccMaTpHBATh MPOLECC NMPHUHATHS PEIICHHA Kak
MpoIeaAypY, TJIABHBIMU yYaCTHUKAMU KOTOPOM SIBJISIOTCS PYKOBOAMTENb JKC-
neptbl. IMEHHO yeoBeYecKue, a He MaTeMaTUYECKUE WM MAalllMHHBIE ACTEK-
Thl SIBJSIIOTCSI OCHOBHBIMU KPUTEPHUSIMU IMPOBEPKU MPAKTUUECKOW LIEHHOCTHU
METOIOB MPUHATHS pemieHui (cM. Hamp. [6]).

W, nakoHnern, 6€3yclIOBHO, IPUSITHOW HATPaION SBISIETCSI BO3MOXKHOCTh pe-
QIBHO YJIYUIIIHUTb TPOIECCHI IPUHSATHS PEIICHHUs, HAOII01aTh ITOJIOXKUTEIBHBIC 13-
MEHEHUS B CJIOKHBIX aIMUHICTPATUBHBIX MEXaHI3MaX, BBI3BAHHBIC €T0 pabOTOi.

Urak, npuHsITHE pelIeHUN— 3TO MPUKIIaIHas HaydyHas qucuuiuinHa. Oc-
HOBHYIO pOJIb B €€ Pa3BUTHUU JIOJDKHBI UTPATh MPAKTUKHU, TOMOTAIOIINE JTHOSIM
B CJIO’KHBIX 3ajJ1a4ax BbIOOpA.
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SITUASIYALARIN QEYRi-MUQYYONLIiYi SORAITLORINDO
QORAR QOBUL ETMOYO SiSTEMLI YANASMA HAQQINDA

R.M.QULIYEV, F.0.MiRZOYEV
XULASO

Maqals situasiyalarin geyri-milayyanliyi soraitlorinds idarsetmas foaliyyotinin model-
losdirilmasinin asas prinsiplorinin tohliline hasr olunmusdur.

Acar sozlor: qeyri-miioyyonlik, gorar qobul etmo, geyri-salis coxluqglar nozoriyyasi,
investisiya layihosi, sistemli elmi yanasma, ekoloji amil.

ON A SYSTEM APPROACHES
TO DECISION MAKING UNDER UNCERTAINTY OF SITUATIONS

R.M.KHULIYEYV, F.AMIRZAYEV
SUMMARY

This work is devoted to a discussion of the basic principles of modeling management
activities in conditions of uncertainty.

Keywords: uncertainty, decision-making, Fuzzu set theory, investment project, syste-
matic scientific approach , environmental factor.
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B pabore uzyqarorcs cyoauddepeHnpanr HHTErpaIbHOTO W TEPMUHAb-

W[t T] Wpilty, T]
HOro (YHKIHMOHAJA B IPOCTPAHCTBE ™ ’

u3yuyeHsl B [2] u [3].
MnTerpanbHblii BBITYKIIbIH (DYHKIMOHAI B MPOCTPAHCTBE L, (ISp<co) m

(cm.[1]). Takas 3amaua B

C wuccnenosanbl B crathe P.T.Poxademnapa [4] u B ctathe A.J[.Modde u
B.JLJleuna [5], a taxxe B kaumrax A./[.HMobde m B.M.Tuxomupora [6],
N.Oxmanma u P.Temawm [7].

W3BecTHO, 4yTO mpocTpancTBa Co0o0IeBa MPEACTaBISIOT 0oJiee TEOPETH-
yeckuil uHTEepec. B paboTe m3ydeHbl [BOMCTBEHHOCTH U cyOnuddepeHimpye-

an [tO > T]
MOCTH BBIMYKJIBIX ()YHKIIMOHAIOB B IIPOCTPAHCTBE ¥ .

1. O cyOonuddepenunpyemMocT MHTErpPaJbHOI0 PYHKIIHMOHAIA

Besikas ¢dyHKIMs (CO 3HAUCHHSIMU U3 [ootee] ), onpexnenennas Ha SXR' rne
S mpOM3BOIBLHOE MPOCTPAHCTBO ¢ KOHEYHOM TOJIOKHUTEILHOM MEpOii, Ha3bIBa-

eTCcsl MHTerpaHToM. WHTerpaHt f(s,%) onpenenennblii Ha SXR" paspiBaercs
(cm.[6,c.344]) uzmepuMbIM (COOTBETCTBEHHO HOPMAJIbHBIM, BBIMYKJIBIM U T.J1.),

= n M >
ecin MHOro3HauHoe otoGpaerne S CPL ={(x00€ RIXR:a2f(s,X)}  papie.

pumo (s — epf, usmepumo u epf, 3aMKHyTO€ MHOXECTBO, €pf, BBIIYKIO U

1.1.). Ecmu f HopmanbHblil maTerpant Ha SXR' | To 1714 BesiKoro m3mepumoro
oroopaxernst X uz S B R" dynxums [&X6) yzmepuma (em.[6], mpeanoe-
nue 8.1.8). Ecu f u3MepuMelil uHTErpant ra SXR’ u moutn npu kaxmom S

byHKIUSA £, cobctBeHHas1, To U3 Teopemsl 8.1.4 [6, ¢.348] caemyer, 4TO f’
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HOPMAaJIbHBII BBITYKJIbIHA nHrerpant Ha SXR
OGosHaunM R_ =R U{#+ o},

W:,z[to’T]

CuMBOIOM 00o3HauaeTcss 6aHAXOBO IMPOCTPAaHCTBO aOCOJIIOTHO He-

o t,, T
MIPEPHIBHBIX BMECTE CO CBOMMH IPOU3BOIHBIMHA IIEPBOTO MOPAIKa QWYHKITHI 13 [t T]

Rn Ln[t(;sT] 1Sp<°°
B BTOpas Mpou3BOJHAasA, KOTOPBIX IMPUHAIIICKUT P , T

WLl T]

p.2

. Hopma

MOJKET OBITh 3aJaHa pa3sHbIMU 5KBUBAJICHTHBIMU criocodamu. HaanMep

[x0)

W =|X(t0)|+|X(t0)|+[}|3i(t)|p dt ]P ko), = maxlx(t)|+‘ni?<XT |>k(t)|+(f|5¢(t)|l>dt)p
’ 0 703071 = 0 .

to<St<T

Besakuii muHEWHBIH HENpEephIBHBIM (YHKIMOHAT Z Ha MPOCTPAHCTBE

an[toaT] 1Sp<°°
P . , MOXXHO €AMHCTBCHHBIM 06p330M npeacTaBUuTb B BUJC

z'(x) = (x(t,a,) +(X(t,)fa,) + l};(ii(t)\b(t))dt

ap,a; € Rn7 D(')E Lr;)'[t09T]

=p+p’ . .
rae » PP =PTP . OyHKIUOHAT Z eW;Z[tO,T]' B JaJb-

Heifmem oGosnauaercs cumpoom (20231 V() (cm.[6, c.32]).

Ilycts - HOpMasbHBI BimyKnbii MHTErpanT Ha Lo TIXRTXRY pae.

CMOTPUM (YHKIIMOHAT
T
J(X) = jg(t,X(t),X(t))dt, X€ W;,Z[to aT]
to

CyOrpanueHtamu 1) p rouke  xe Wi, [t,, T] sBIAIOTCS MO ONPENENEHUIO

Jx)-IX)>z"(x-X)

3JIEMEHTHl 7' € W; 5[te,TI" i KOTOpBIX pu  BCEX
X € W,;',z[to,T] WJIH, YTO PAaBHOCUJIBHO, J*(Z*) =2 , The
V(2 =supiz"(x) = I(x): x&€ Wi, [ty,T]}

MHOeCTBO BCEX TaKuX cyOrpaJneHTOB 0003Ha4yaeTcs uepes NE) y Has3bl-

Baercsi cyomubdepernnaioMm QyHKIHOHANA 1) g rouke X.

B 3TOM myHKTE yCTaHaBIUBAETCSI CBA3b MEXKAY NE) ag(t,x(t),x(t)).

Jlemma 1.1. Ilyctpb g:[t, TIXRTXRT - R, HOPMATGHBIA BBITYKIIbI MHTCIPAHT,
CYLIECTBYET €>0 Takoe, 4yTo (QYHKIHS g(t,x,(t)+x,X,(t)+y) CyMMHpyema B

[t,,T] Tpu (x,y)e R"XR",

(x, y)|£e. Toraa ¢yHkIMOHAN J(x) HEMpPEpHIBEH B
TOYKE X()€ W, [t),T] OTHOCUTEIILHO HOPMHUPOBAHHON TOMOJIOTUHU MPOCTPaH-
ctBa W, [t,,T].

Joka3arenbcTBo. PaccmorpuM B mpocTpaHcTBEe  C'[t,, T]xC"[t,,T]
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10, ) = (b, x(1), y())dt
(dhyHKIIOHAT fo .13 npennoxenus 8.3.4[6] ciuenyer, 4TO

(GbyHKIIMOHAT I(x,y) HENpPEpBIBEH B MPOCTpaHcTBe C"[t,,T]xC"[t,,T] B TOYKE
(xo(),Xo()),T.e. s JEOOOrO £>0  CylmIecTBYeT >0  Takoe, dYTO
[1(x,y) = 1(xp, %,)| < € npu (x,y)e C'[t,. TIxC"[t,.T],
o<, y) = (x. %) =[x = %ol + [y = %of. <8, Tae [x]. = max{x(t):te[ty, T]}. O6o-
sHaunm T = max{LYT—t, }. Tak kak

=+ = %ol <[x(to)=xotto)]+ T i) =% (Df+
+ |5‘(t0) - Xo(to)| + } |55(t) - 5{0(‘[)|dt < |X(t0) - Xo(t0)| +(T- t0)||5‘ - XOHC +

+ |5<(t0) - Xo(t0)| + r} |5<'(t) - 5(.0('[)|dt < |X(t0) - Xo(t0)| +(1+T- to)(|5<(to) - Xo(to)| +

n s
WP,2

+B[T -1, (} k(1) - xo(t)|pdt)§) SA+T—to)T|x — x|
0

o
<—— . Jlemma foKazaHa.

TO |J(X)—J(x0)|S£ pu ||x—x0)|w}22 S T+T-r)

Jlemma 1.2. Ilycts g:[t,, TIXR*XR" >R, HOPMATBHBI BBINYK/IbIA MHTEIPAHT,
BBINYKJIBIA (DYHKIIMOHANI J(x) KOHEYeH B Touke x,()e W',[t,,T]. Torna crue-

IYIOIIUE YCIOBUSA DKBUBAJICHTHBI:
a) GyHKuMOHAN J(x) HENpephIBEH B TOouke X,()e W' [t,,T] OTHOCHTEIBLHO

HOPMHPOBAHHOM TOIOJNOrUM npocrtpancrea W, [t,,T] .
b) cymectByeT £>0 Takoe, 4To QYHKIUSA g(t,x,(t)+X,%,(t)+y) CyMMUpye-
(x,y) | <e.

Joka3zareabcTBo. [lo temme 1.1 mmeem, uto u3 b) crieayer a).
OO0OpaTHO eciIH BBIMOIHEHO a), TO MOJIOXKUB x(t)=x,(t)+x U x(t)=x,(t)+x+ty

Ma B [t,,T] opu (x,y)e R"xXR",

MOJIYYHMM, YTO CYIIECTBYET €>0 Takoe, 4TO (PYHKIMS g(t,x,(t)+x,X,(t) H

(x,y) | <e.
X | <g Clenyer,

g(t,xo () +x +ty,X,(t)+y) CYMMHpPYEMBI B [t,,T] mpu (x,y)e R"xR",

N3 cymmupyeMoctu QyHKIMH g(t,x,(t) +X,%,(t)) TOpH xe R",

xoek@ﬂa%mm

9TO (YHKIIMOHAT HENPEPBIBEH B IPOCTPAaHCTBE W, [t,,T]

B Touke x,(). Iloatomy CylIecTByeT &>0 Takoe, 4TO (QYHKIHS

g(tx,()+x-ty,X, (1) cymmmpyema B [t,,T] mpu (x,y)e R"xR", |(x,y)|<3.

[TonokuB v =min{e,8} MOJY4YUM, YTO

g(tx, (D +x, X, (1) +0,5y) <0,5g(t, X, () +x +1y, X, () +y) +0,5g(t, X, (t) + x — ty, X, (1))
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mpu (x,y)e R"xR",

(x,y)|Sv. [ToaTomy QyHKIMS g(t,x,(t)+x,X,(t)+y) CyM-
mupyema B [t,,T] mpu (x,y)e R"xR",
JIOKA33HA.

PaccmoTpuM B mpocTpancTBe L [t,, T]xL" [t,,T] QYHKIHOHAT

J(x(),y0)) =i g(t,x(),y(t)dt.

(x,y)|<0,5v . Otcrona cnexyer 6). Jlemva

Jlemma 1.3. Eciiu (x,y) — g(t,x,y) MOJIOKUTEJIBHO OJHOPOAHAS BBIMYKJIas
(GyHKIHMS ¥ U BCAKOTO (x,y)e R*xR" QYHKIUSA g(t,x,y) CYMMHpyeMa, TO
T , Tv TT T , tv o,
0:ap=17x (s)ds, a; ==][x (s)dsdv+ ] [x (s)dsdv+ [y (s)ds, v(t) =[x (s)dsdv—
t to

0 toty toty toty

(2" = (T, Tv TT | t, T, P

=[x (s)dsdv — | [x"(s)dsdv + | [x"(s)dsdv — [y (s)ds+ [y (s)ds; (x",y )e dJ(0,0);
toty toty toty ty t

400 BIPOTHBHOM CIIyyae.

e 7 = @0,a1,00)

JlokazarenbeTBO. fICHO, 9TO J(x(-),y(-)) BBIIYKIIbIM IOJOKHUTEIBHO OJI-

HOPOAHBIN M 10 cheAcTBuio 2A[4] HETpPEepPbIBHBINA  (PYHKIIMOHAT Ha
L' [t,,T]xL" [t,,T]. [loaToMmy no npemnoxenuto 4.2.3 ([6], c. 210) u no Teope-

me 833 ([6], c. 362) 0J(0) wHemycro, cnabo* KOMIAKTHO MU
07(0) cL'[t,, TIxL[t,, T]. 3 mpemnoxenus 4.1.1 [6, c.203] caenyer, uto
-_— T * *
J(x(-),y())= | max (T @Ox)+ (Y (D]y(t))dt.
(x ,y")€dl(0,0) t,

[TosTOoMy, uctosib3yst TEOpEeMy 0 MUHMMaKce (cM.Hampumep, [8, ¢.288]) umeem

FE)= s ({2 x)-1003= s () ag) + (K)o + T G0 [o(0)dt-

XeW;z[to,T] XEW};‘,Z[[U’T]

T * * . . .
- mac L(COROF(CORODA= s min {(x(t)|ag) +((tg) [ay)+
(x ,y)edl(0,0) t, XGWp"g[tg,T](X Ly )eal(0,0)

T ERO O [ (FORO+(YORO)dG = | min  sup {(x(ty)]ay) +
to to (x ,y )€dl(0,0) xe WP, [to.T]

+(x(tp) |a)) + t} (X(0) [o(t)dt - f (X" @K+ (¥ (Ox()dt}.

O4eBHUIHO, YTO
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T () de=J(x(v ‘d(jx*(s)ds - Ix(5)ds) = (x(t,)

}x+ (s)ds)—

-G

(1x"(s)ds — [x"(s)ds))dt = (x(t,)

Ix (s)ds) - j(k(t) I d[} I (s)dsdv -

—] }x*(s)dsdv - } }x*(s)dsdv + Hx*(s)dsdv) =(x(t,)

}x*(s) ds)+

- } }x*(s)dsdv) + }(i(t)|( } Tx*(s)dsdv -

—] JX “(s)dsdv — J jx “(s)dsdv + J Jx “(s)dsdv)dt.

foto

Tax:xe umeeM, 4TO

T .. T « T .
tJ (y (t)|X(t))dt=tJ (x(t) y (s)ds)— [ (x(t)

d(jy*(s)ds—fy*(s)ds»=<>'<(to)f

to, T .
[y (s)ds— [y"(s)ds)dt.
ty

ty ty
[TosTOMy nOJIYy4UM, 4TO
I'(z)= , min sup {(X(to)lao)+(X(to)|a1)+ (X(t)lv(t))ﬂlt (X(to) X' (s)ds) -
(x",y")ed3(0,0) Xe W[ty T]
—(x(to) Jx (s)dsdv—JJx (s)dsdv)— I(x(t)|( Ix (s)dsdv x (s)dsdv x *(s)dsdv +
foto foto foto t0‘0

x "(s)dsdv)dt — (x(t,) Jy “(s)ds)+ I(x(t)( y “(s)ds— Iy (s)ds)dt)} =

tu

= _min sup  {(x(ty)]ay— Jx*(s)ds) +(x(tg)|a; = x *(s)dsdv + I Ix *(s)dsdv — y*(s)ds)+
(x",y")ed1(0,0) xe W5 [tg,T] to tU toto

(x(t)\l)(t)— J X (s)dsdv+ x (s)dsdv+ x *(s)dsdv — J x (s)dsdv+ y (s)ds— y *(s)ds)dt =

toto toto ty to toto

= Ix*(s)ds, a, =—Hx “(s)dsdv + Hx *(s)dsdv + Jy (s)ds, v(t) = IJX *(s)dsdv —

toto
- }}x*(s)dsdv —} 1x"(s)dsdv + J Ix*(s)dsdv - Iy*(s)ds + Jy*(s)ds; (x",y") € 91(0,0);
toto toto toto to to
+ 00! B IPOTHBHOM CITy4ae.
Jlemma nokazana.

O06o03HaYuB (1) = Hx "(s)dsdv — f Ix "(s)dsdv — j Ix’ "(s)dsdv + ij (s)dsdv,

v, (H) = —'I y (s)ds+ lf y'(s)ds  HOIYYUM, 4TO (1) =y, (1) + (1), §,(t) =x"(t),
V(O ==y (1), a, ==V, (t), a, =y, (t)+Wy,(t,), ¥ (T)=y,(T)=0, y,(T)=0.
N3BecTHO, uTO (CM. [4]) €ciu BBIMOIHSAIOTCS YCIOBUS JIEMMBI 1.3, TO
(x",y")e 0J(0,0) TOTJA M TOJIBKO TOTJA KOT/IA (x'(t),y (1)) 9g(t,0,0) . [ToaTOMy
(Yo (0),~V (1) € 9g(1,0,0).
CaencrBue 1.1. Ecinu BeINONHAIOTCS YCII0BUs J1eMMBbI 1.3, TO
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0:ecmn ag =—y(ty), a; =Wo(ty)+ W (ty), V(1) =yo(t)+y, (1), y(T) =0,
F@) =1 (D) =y(T) =0, (¥ (). (1) € 9g(1.0.0);
+ o BIIPOTHBHOM CIIy4ae.
CaencrBue 1.2. Ecin (x,y) — g(t,x,y) HOJIOXKUTEIBHO OJHOPOAHAs BbI-
nykias GyHKIUS U JUIT BCIKOTO (x,y)e R"xR" QYHKIUS g(t,x,y) CyMMUpyema,

To Z =@0a00)€O) b ooy romko B TOM cTyHEe , Ko CYMECTBYIOT (hyHKIM

v, () € Wlx,lz [tO’T] n v, () € Wll,]| [t09T] TaKHue, 9TO
a9 ==V(to), a; =Wy (te) +W(ty), V(1) =yo(t)+ (1), Wi (T)=0, Y (T) =y (T) = 0, (§(t). (1)) € g(1,0,0).

Teopema 1.1. ITycts & Lt TIXRIXRE SR it sy it prrrerpasT i

CYLIECTBYET & >0 Takoe, yTo QyHKIUSA g(t,x,(t)+Xx,%,(t)+y) CyMMUpyeMma Ipu

(x,y)e R"xR", Z" = (ag,a;,v()) € J(X)

(x,y) | <d. Torma B TOM H TOJTHKO B TOM CITy4ae,

Korza cywectsyror pyrkimm W, ()€ W[t Tl u y ()€ W [t,, T] Takue, 4ro
ag =—Wy(ty), a; =Wo(ty) +y,(ty), V(t) =y (1) +y (), W (T) =0,y (T) =y (T)=0
1 (Yo (0,7 (1) € dg(t,X(1),X(1)).
Hoxazarenserso. HemycTora o0 J(X) BbITeKkaeT U3 emmel 1.1 u npeasioxe-

Hus 4.2.3([6], c.210). Jlokaxkem BTOpoe yTBEpxkAeHUE TeopeMbl. Tak Kak
(cm.[9,¢.63))

g(LX (1), X (1) —g(t, X()—y(t), X () -y (1) <

< g(LX (O +y(0), X () +F(0) ~(t, X(1),X (1)
mpu 0<A <1, To ucnonw3ys Jyemmy 1.1 u teopemy JleGera (cm. [10]) momy-
9HUM, YTO

(X (O+A y(0),X () +A y(1) —g(t, X(1),X (1) _
. <

IEHAY =I® | TEE O+ Ay O+ AY(10) gt XOXW) ¢
A Ao ¢, A

i ECEOTAYORO IO =80 XOXO) g0 ] g0, 2085050t

W3 npenoxxenust 4.1.4([6] , c. 206) BeITekaeT, 4yto y — J'(X;y) KOHe-

F(xy) = lim

yeH u HenpepbiBeH Ha W [t,,T]. IlosTtomy g'(t,X(t);x,y) cyMMUpyeMa Ipu
(x,y)e R"xR". Eciu yuects, uto 9J(X) =9J'(X, 0),

dg(t,X(t), X(t)) =9g(t, X(t), X(1);0,0), TO YTBEPKJACHUE TEOPEMBI BBITEKAECT U3 CIIE/I-
ctBus 1. 2. Teopema gokazana.

2. O 1BOWCTBEHHOCTH TEPMUHAJIBLHOIO (PyHKIIMOHAIA

‘:R"™ SR W' [t,, T

IIycTh ¢ =" PaccMOTpUM B IIPOCTpAHCTBE  ™? ] (hyHKIIOHAT BHIA

I(x) = o(x(t ), X(t ). x(T), X(T)) U OIIPENEIUM YyCIOBHUS IPU KOTOPBIX T KOHEYEH.

Jlemma 2.1. Fequ 21-82:bibae R d0)e L[t T]
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T _
sup JqOR(Ddt<4eo, To AD=04tH+0,
X()e W, »[te,T]  to
X(tg)=a,,x(T)=a,,
X(tg)=b;,x(T)=b,

B [t,,T], tne %% €R

z(t o o
IIOKZBaTeJIbCTBO. HyCTB ( ) ITPOU3BOJIbHBIN MHOTOYJICH, TaKOW 4YTO
Z(tO) = bla Z(T) = bZ' HOHO)KI/IM

Z(t)=a, + 1 2(D)dt+ (B3 to) — 2 t0) Ya, —a, — Jz(r)d‘c)

SIcHO, 4YTO Z(ty) =2, AT) =2, , Z(tg) =by, Z(T) = b,. Torna HOJ‘Iy'-II/IM 4TO

T
sup Iq(t)x(t)dt = sup Iq(t)z(t)dt + Jq(t)z(t)dt < oo,

X(‘)Ewg,z[thT] to z(: )EWPZ to, T] to

x(tg)=a;,x(T)=a,, z(t()=0,2(T)=0,

X(tg)=by,x(T)=b) 2(t4)=0,2(T)=0

T
r Tq(D)#(t)dt = 0
Orcrona cneayer, uTo sup [q(t)Z(t)dt < +oo . ITooTOMY npu
2()e W, 5[ty T] to
z(t,)=0,2(T)=0,
2(t9)=0,2(T)=0

z()e Wy, [t T1= = {W,,[t,,T] x(t)=0,x(M=0  %(t)=0, %M =0}. Tar rax
Cy (o, T) € W[, T [q(Dx(t)dt=0 o
0 (o T) & Wp,fto, ], TO MOJYYHM, YTO 0 npu x()€ Gy (t,, ). ScHo,
fq(x(tdt = [G(H)x(t)dt =0 .
qTo Y ‘o pu x()e C (¢, ). [osromy  {(t)=0. Otcroma

cnenyer, uto 90 =4I+ 0 0y 110, ¢.244]). Jlemma nokasana.
Temma 2.2. Ecm 1) = 0(x(t),X(t,),x(T),X(T) 1 & 1ouxe
X =(ag,a;,0())e W, 2[tO,T] (hyHKIIOHAT I'(x") xoHeueH, TO V() =eit+e, npu

te[t,,T], rae <R

HoxaszareabcTBo. Ilycts Touka X()e W),[t,T], Takas,d4Tto J(X) KOHe-
YeH, T.€.
(x(t,).X(t,).X(T).X(T) ¢ R taxag, uro O(X(t,),X(t,),X(T),X(T)) < +oo . [10 onpenenenunto
* * % . T .
Fah= s i{x)I0= s {(x(to) ag) + (ko) [an+ | () |u(t)di~

xe Wy, [to,T] xe Wy, [to,T]

T
— (x(tp), X(t),x(T),x(T))} 2 sup (x(tg)ag) +(x(ty)|a;)+ [ (X(t)|v(t))dt—
X()e W2, [ty,T] to
x(tg)=xX(t ), x(T)=X(T),
%(tg)=X(t).X(T)=X(T)

— O(X(tg), X(to), X(T),X(T)).

Tax KaK I'(x") KOHEYEH, TO oTCIOIA BBITCKACT, 470
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T

sup [ (X(t)|v(t)dt<+e. Torma wu3z nemmsr 2.1 momydumm, dYTO
X()e Wy, [tg,T] to
X([o)=¥(to)ax(T)=g(T),
X(tg)=X(t),x(T)=x(T)

v(t)=ct+c, =(c,...,c)t+(ch,...,c) TOCTOSIHHAsA BeKTop-QyHKIMs. JleMMma noka3aHa.

Teopema 2.1. Eciu ¢:R" - R, coOcrBeHHas Bbiykias (yHKOUsS U

x" = (252,,0()) € () , Tne x e W;z[tO,T]*, TO CyIIECTBYIOT BekTophl °1°¢2€ R
takue, uro YM=Ct+C 4
(a,+c,a,—c t, —¢,~¢,, ¢, T+c,)e do(x(t, ), X(t, ), X(T),x(T)).
Hoxka3arenancTtBo. [lo onpenenenuto cyoauddepenimana x" € d(X) B TOM U

TOJNBKO B TOM CIIydae, Koraa FE)+I@) =x"(®)  Tax gax I'(x") xoHeuen, rue

X*EW]:Z[tO,T]*, X :(ao,al,u(-)), o D(t):clt-i-CZ, e c,c,eR . TTosTomy

FeO= sp ({xx)=100i= s {Gxtg)[ag) +(R(tg) ag)+ T (i) le;t-+e) -

xe W;,z[tOsT] xe W:,z[to,T]

= Q(x(to), X(t), X(TLX(TN} = sup  {(x(tg)]ag) +(X(tg) [ay) +(X(t) it +¢y)|s

x()e Wy, [to,T]
SN e dt— o(x(tp), x(to), x(T),x(T))} = sup  {(x(ty)|ag) +(X(ty)|a))+
to x()e W5 [t,T]
+(X(T) [, T +c¢y) = (X(tg) |eytg +¢2) = (x(T) [e)) + (x(to) [e) = O(x(tg), X(tg), X(T), X(T))} =

= sup  {(x(tg)ag +¢p) +(x(tg)|a; —¢tg —cy) = (x(T) [e)) + (X(T) [e; T +¢y) —
x()e Wy, [to,T]

= Q(x(t), X(t), X(T), X(T)} = @ (2 +¢;,a; = ¢ tg = 5=, ¢ T +¢5).
Torma momydmm, 4ToO
(p(i(to)ai(to)’i(T)’i(T)) + (P (ao +c,a, — cltO —C,,=Cys CIT + cz) =
= (X(t,)Ja, +¢,)+(X(t,) o)+ KDl T+c,).
Orcrona cienyer, 4to  (a, +c,,a, —c,t, —c,,—c,, ¢,T+c,) € Ip(X(t,), X(t, ), X(T), x(T)).
Teopema gokasaHa.

a, - CltO - Cz) + (X(T)
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AXTARILAN FUNKSIYANIN iKiNCi TORTIiB TOROMOSi DAXIL OLAN
VARIASIYA MOSOLOSI, I

M.A.SADIQOV, A.M.SADIQOV
XULASO

Isdo miitloq kesimoz funksiyalar fozasi tipli fozada inteqral va terminal funksionallarin
subdiferensialinin xassasi dyronilmisdir.

Acar sozlar: inteqral funksional, qabariq funksiya, subdiferensial.
VARIATION PROBLEM CONTAINING SECOND DERIVATIVES
OF UNKNOWN FUNCTIONS, I
M.A.SADYGOV, AM.SADYGOV
SUMMARY

The property subdifferential of an integral and terminal functional in a space of the type
of absolutely continuous functions is studied.

Keywords: integral functional, convex function, subdifferential.
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B cmamve paccmampusaemcs cucmema JJupaka npu HeKOMOpbIX SPAHUYHBIX YCIOBUSAX,
O00HO U3 KOMOPBIX COOEPICUM CNeKmpanbhbli napamemp. Jlokazana meopema eOuHCmeeHHo-
CMu U NOCMPOEH ANOPUMM peulenls 0OpamHoll 3a0aii 0CCIMAHOBNEHUs KPAesbiX 3a0ai No
CREeKMPAanIbHbIM OAHHBIM.

KiaroueBble cjioBa: cucrema ,Z[I/Ipal(a, COOCTBEHHEIE 3Ha4YCHUAI, O6paTHaH 3ajJaya, TCO-
peMa CAMHCTBEHHOCTH, aJITOPUTM PCIICHUA.

PaccmatpuBaercs kpaeBas 3a/1a4a, IOPOXKIACHHAs] OJHOMEPHOM CTallMOHAp-
HOM cucreMoii [lupaka (CBS3aHHON C TOBEICHHUEM PEISTUBHCTCKOTO 3JICK-
TPOHA B JIEKTPOCTATUUECKOM I10JI€)

BY'(x)+Q(x)Y (x)=AY(x), xe[0,7] (1)
" IojgypacnagaroimuMuca I'paHUYHBIMU YCJIOBHUAMU BHUAA
y,(0)+ay,(0)=0,
y,(0)+ LBy, (m)+ . (7)]= 0,

(01 (P a (%0
e B‘(—l 0} Q(X)‘(q(x) —p(x))’ Y(X)_(ym)

A — clieKTpanbHbIi napamMeTp, @, f U ¥ — NOJNOKHUTENbHBIE YMCIa. DTy 3a/1a-

2)

uy Gynem o6osnauath uepes D(c,f,y). Ilpeanmonaraercs, 4To 3IE€MEHTHI
p(x) 1 g(x) marpuubl Q(x) B (1) sABISAIOTCS BelIECTBEHHBIMU (DYHKLIHSAMU,

IPUHAUISKAIUIMH TIpocTpancTy W, [0,7] . Yepes A [0,7] MBI 0G03HAUACM
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IIPOCTPAHCTBO, COCTOSIIIEE U3 3aJaHHBIX HAa OTpE3Ke [O, ﬂ'] abCOJIIOTHO Hermpe-
PBIBHBIX (DYHKLHH, KOTOpbIE UMEIOT IIPOU3BOAHYI0, CYMMHUPYEMYIO C KBaJpa-
Tom Ha [0,7].

MHuorue BOIIPOCHI NPSAMBIX U 06paTHbIX CIICKTPAJIbHBIX 3ada4 JJIs1 CUCTCMbI
Jlupaka B ciyyae pa3feiCHHbIX U HEPA3/IeJICHHBIX IPAaHUUYHBIX YCIOBUH XO-
pomio u3ydens! (cm. [1-13] u nureparypy B HuX). B Hacrosmeit pabore noxa-
3aHa TeopeMa EIMHCTBEHHOCTU U COCTABJICH aJITOPUTM BOCCTAHOBJIEHUS CHC-
TEMBbI I[I/IpaKa IO CIICKTPAJIbHBIM JaHHBIM, KOTOPBIMU SABJIAOTCA CIICKTPLI ABYX
KpaeBbIX 3a/1a4 U HEKOTOPOE YUCIIO.

Kpaesas 3amaua D(w,,7) Bcerna uMeeT TPUBHAILHOE pELIEHHE

0
Y(X)= (0) 3nauenus napamerpa A, npu KoTophix 3amada D(a, 3,7) umeer

HETPHUBHUAIIbHBIC PEIICHUS, HAa3bIBAIOTCS COOCTBEHHBIMU 3HAYCHHSIMH 3TOU 3a-
nadd. MHOXECTBO COOCTBEHHBIX 3HAUCHUH HA3BIBACTCS CIIEKTPOM D(a, B, ;/)_

Xapakrepuctudeckas pyHKIHUS, HyJIM KOTOPOM SBJIAKOTCS COOCTBEHHBIMU 3Ha-
yeHusAMH Kpaesoil 3anaun D(a, B,7), uMeeT BHjL

A(/i) =1+ l[ﬂ(cl (ﬂ',l)— o5, (7[’/1))"' 7(02 (”J')_ 05, (”J'))] , (3)

rae S(X,A)= (zl E))((’ j:))J u C(x,A)= [(C:l E):(’ ?)J — pewenus ypaBHenus (1),

YAOBIIETBOPSIONINE HaYaIbHBIM ycaoBusaM S(0,4) = u C(0,4)= (0]

Jdemma [11]. s gyuyuic S,(w,A), s,(x,2), ¢, (7, 1) u ¢,(m,A) unerom
Mecmo credyiouue npedCcmasienus.

s,(7,4) = —sin A+ A cosAz o sindz , y,(4)

+ B,

A A A
s,(7,2) = cos Az + A, s1n/1/17r +B, cosﬂ/lir N l//zlg/l)’
¢,(7,4) = cos Az + A smjﬂ' _B, cos/l/iﬂ' N W3/§l)’
c,(m,A)=sinAx+ A, Cos’jﬂ-+ B, Smj”_,_ ‘//4/§/1),
20e A1:A+Q15 A2:A+Q2, A5:A—Q2, A4:—A+Ql,
A:lj[pz(x)Jr a2 (x)kx, Q, :M, Q, :_M'
25 2 2
g - PO)+pl) o _p(0)-plr)
1= 7 » Dy = > )



v,(1)= [7,t)e"dt, 7,(t)e LI-7.x], p=1.2.3.4

B JabHENIIEM Oynem [pearonararsb, 4TO
p(0)= p(r)=0q(0)=q(z)=0. Hcnomesys  nemmy, XapaKTEpPUCTHYECKYIO
¢dbyakumro (3) MoXkHO TTpeoOpazoBaTh K BUITY
A(A) =1+ A(d, sin Az —d, cos Ax)— A(d, cos Az +d, sin Az )+ y (1), 4)
rue
dl=0{}/—ﬂ, d2=0{ﬁ+}/, (5)

()= 0o at, 70 Ll r.a].

C nomompto Teopemsl Pymie, memmsl 1.4.3 xauru [14] u npencrasnenus (4)
CTaHAapTHBIM MEeTOJ0M (Kak B [11]) jJerko jokasbiBaeTcs Cienylolee yTBep-
KJICHHUE.

Teopema 1. Co6cmeennvie 3nauenus [, (k = iO,il,i2,...) Kpaeegoui 3a0a-

wu D(a, B,7) npu |k| —> © Y0081emeopsAIm aACUMNIMOMUYECKol popmyne

kg

JadZ+dizk K

A
U, =K+a+—+

1 d
20e a=—arctg—, {y lel,.
V4 d,
Crnenyromiasi TeopeMa JJ0Ka3bIBaeTCs aHAIOTMYHO Teopeme 2 paboTsr [15].

Teopema 2. 3adanue cnexmpa {,uk} (k==20,£1,£2,...) 0o0no3HaAYHO On-

peodensiem XapakmepucmuiecKkyio QyHKYuio A(;L) xpaesoii 3adauu D(a, B,7)
no gopmyne

AR = a7 +d2 (i~ D) - D2 ™)

k

K=—oo

k=0

Hapsiny ¢ 3anaueit D(a,3,7) paccMmaTpuBaeTcs TakKe KpaeBas 3ajaua

D(a, B , }7), NOPO’KJIEHHAs TEM ke ypaBHEHHEM (1) U TpaHUYHBIMU YCIOBUAMHU
Y, (O)+ ay, (0) =0,

y,(0)+ ALy, (z)+ 7, (x)] = 0.

CrexTp 3T0¥# 3a1a4n Oyaem 0003HaUaTh yepes {,Tzk 2

(8)

PaccMoTpuM crienyronnyo oOpaTHyIo 3a1ady.
OoOpaTrnas 3agaya P. [lo 3agaHHBIM  cHeKTpaM KpaeBbIX 3ajad

D(e, B,7) u D(O(, 5,77) U YHCIy ( TOCTPOUTH  MaTPUIy-(QYHKIHUIO

34



Ax = PR g B ypaBuenun Jlupaka (1) u kodpouuuentsr f3, ¥, B
9 - p»

U ¥ BTPaHUYHBIX yciaoBusx (2) u (8).
CnpaBenniBa CleAyroas TeoOpeMa eIUHCTBEHHOCTH.
Teopema 3. Eciu lim (4, — 1, )#0, mo saoanue cnexmpos {u, b, {ii, } u
—o0

uucna O 00HosHauHo onpedensem kpaesvie 3adauu D(a, B,y) u D(a, ﬂ,}N/)
Joxka3zareabcTBo. CormacHo Teopeme | COOCTBEHHBIC 3HAUCHHS [,
(k =i0,il,i2,...) KpaeBoii 3a1auu D(O(, ,3,77) pu |k| —> oo yJOBJIETBOPSIOT

aCHMITTOTUYECKOH popmyiie

/7 :k+§+i+i+& (9)
k &K Jd2+d2rk k”
e A= larctgi . {rlel,
r d,
d=a7-pB, d,=0f+7. (10)

C nomorkio acuMnrornaeckux Gopmyn (6) u (9) naxoaum

Jd2+d? = ! d?+d; ! ) (11)

”li_{gk(ﬂzkﬂ_ﬂzk_l)’ _”P_I::Mﬁzkﬂ_ﬁzk_l

Torga mo 3agaHHBIM IIOCIENOBATEIBHOCTIM {uk} 51 {ﬁk} MOKHO BOCCTaHO-

BHUTh Xxapakrepuctiueckue Gpyrxumn A(4) u Z(ﬁ,) kpaeBbIx 3a1a4 D(a, 5,7)

u D(O{, B.7 ) B BH/Ie OCCKOHEYHOTO Mpou3BeacHus 10 Gopmynam (7) u

A(2)= a7+ (7, - 2)(E - DT (12)

k=—oo

k=0

CoracHo nipeacTaBieHuto (4)

A(2k)=1-2kd, — Ad, +w(2k),

A(Zk +%J: 1 +(2k +%}12 —Ad, + l/ls(2k +%)
Otcrona

1
Al 2k +—
g, =—1im22) 4 =2liml—2) . (13)

9

ke 2K 5= 4k +1

TaK KaK B CHIIy JJeMMbl Pumana-JleOera %im w,(2k)= ilim l/ls(2k + %)z 0.
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AHaIOrn4Ho

(1
~ Al 2k +—
g ——imA2K) g =21iml—2] . (14)

ko= 2k 2 Tkoe k41
3nas o, d,,d,,d, u d,, us (5) u (10) ogHO3HAYHO OmpeneIOTC KOIPdHU-

ueHTsl  f3, 7, B U ¥ B IPaHU4YHBIX yciaoBusAx (2) u (8) no caenyromum ¢pop-
MyJIaMm:

ﬂ_ad2_dl d, +od,
o’ +1 o’ +1
o -d drad
p= 0522+11’ r= 2{2+11 (15)

d d,
N3 ycnoBust Teopemsl cienyet, uto a—a # 0 uiu arctg—1 * arctgrl.
2 2

3uaunt, d,d, —d,d, # 0. Orcroga npuHUMasi BO BHUMaHHE COOTHOMIECHHS (5)

u (10), umeem 7 — By # 0. D10 03HAYAET, YTO OMPEIETUTEIH CHCTEMBI
YpaBHEHUH

{A(ﬂ) =1+ l[ﬂ(CL (7[’ l)_ oS, (7[’ /1))"' 7(C2 (7[9 ﬁ)_ 0s, (7[’ /1))], (16)
Ay =1+ B (. 2) - o5, (. A+ 7(c, (. 2) - os, (. 2)
OTHOCHTEJIEHO HEM3BECTHBIX 5, (A)=c,(m,2)-0s,(7,2) I/I

8,(A)=c,(7,A)-0s,(7,A), ormmuen ot myns. Pemas cucremy (16), Haxomnum
dynxunn J,(4) u 8,(). Jlerko sameruts, uto & ;(4) (j =1,2) ansercs xa-
pakTepucTUueckor (yHKIHEH 3a1adu, MOpoXACHHOW ypaBHeHHeM (1) u rpa-
HUYHBIMU YCJIOBUAMH Y, (O)+ oy, (0): y j(71'): 0. M3BectHo [1], uro mo mo-
cienoBarensHocTsM Hynell pynkumit 8,(A) u 8,(4) oxnosnauno onpenenser-
cs koo dumment Q(x) ypaBHenus upaxa (1).

Taxum 06pa3oM, MO 3aJaHHBIM TIOCIIEN0BATENLHOCTAM {41, }, {f, } u umcmy

(! TOJIHOCTBIO BOCCTAHABJIMBAIOTCS KpaeBble 3anaun D(a, ,7) u D((Z,,B,;N/).

Teopema 3 nokazaHa.

CormnacHo J10Ka3aTelbCTBY TEOPEMbl 3 pelieHrue oopatHou 3amayu P mo-
KET OBITh MMOJIY4EHO TIO CIICAYIOIIEMY aJTOPUTMY.

Anroputm. JlaHs! mocienoBatensHocTH {44, } u {fI, } — cieKTpsl KpaeBbIx

3aza4 D u D uyucimo o .

Iar 1. C nomompio (6) u (9) Bemmuuusl 4/d; +d, \/Jf +d ; BbIuHC-

M 1o popmynam (11).
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Iar 2. TTo nocnenoBarensHoCTM {4, } u {fI, } mocTpoum xapaxrepucru-

veckue ¢pynkuun A(1) u Z(ﬂ) B BUJIe¢ OecKOHEYHOro npousBeneHus (7) u
(12).
Ilar 3. Beauuunst d,, d,, &1 u 52 onpeneaum 1o Gpopmyiaam (13) u (14).

Iar 4. Koadpduuuentsr f,7, ,B ,7 TpaHwuHbIX ycioBuil (2) u (8) BoccTa-

HAaBJIMBAIOTCS 110 COOTHOIIEHUSIM (15).
Iar 5. Pemas cucremy (16), omHO3HaYHO HAXOAUM (D YHKIIUH

51(2) = Cl(ﬂ-a/’t) —o8,(7m, ), 52(2) = Cz(ﬂ'a/i) —08,(7,0).
Iar 6. ITo nocnexoBarensrocTsiM Hyieii Gpyuxuuit 8,(4) u 8,(4) nocrpo-
uM  kod3pdunment Q(x) ypaBHeHus [lupaka (1) mo u3BecTHOI mpoueaype
(cm., Hanmpumep, [1,3]).

Jannast pabora BbINoJHEHa NpH (uHAHCOBOM noanepkke donna PasButus Hayku mpu
Hpesunente AsepbaiikaHckoil Pecrry6umkn —
I'pant Ne EIF/MQM/Elm-Tehsil-1-2016-1(26)-71/05/1.
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YARIMAYRILAN SORHOD SORTLI
DIiRAK SiISTEMININ BORPASININ YEGANOLIYi

A.M.HOSONLI, L..LMOMM®ODOVA, .M.NOBIYEV
XULASO
Mogqalods sorhad sortlorinin birindo spektral parametr olan Dirac sistemino baxilir.
Spektral verilonlor iizro barpa etmo haqqinda tors masoalonin halli liglin yeganslik teoremi isbat
edilmis vo alqoritm qurulmusdur.
Agar sozlar: Dirac sistemi, moxsusi adadlor, tors masalo, yeganalik teoremi, hall alqo-
ritmi.
UNIQUENESS OF RECOVERY OF THE DIRAC SYSTEM WITH
SEMI-SEPARATED BOUNDARY CONDITIONS
A.M.HASANLI, LL.MAMMADOVA, .LM.NABIYEV
SUMMARY
In the article we considered the Dirac system with some boundary conditions, one
of which contains a spectral parameter. A uniqueness theorem is proved and an algorithm is
constructed for solving the inverse problem of recovering boundary value problems from

spectral data.

Keywords: Dirac system, eigenvalues, inverse problem, uniqueness theorem, solution
algorithm.
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The main aim of this paper is to find integrability conditions by calculating Nijenhuis
Tensors N(X#,YH),N(x",YV), N(xV,Y") of almost complex structure F¢ + %y(NF) and to
show the results of Tachibana operators applied X"and X¢ according to structure F¢ +
%y(NF) in cotangent bundle T*(M,,).

Keywords: integrability conditions-Tachibana operators-horizontal lift-vertical lift-
almost complex structure-cotangent bundle
Mathematics Subject Classification: Primary 15A72, 47B47 ; Secondary 53A45, 53C15

1 Introduction

The tangent bundles of differentiable manifolds are very important in
many areas of mathematics and physics. The geometry of tangent bundles goes
back to the fundamental paper [15] of Sasaki published in 1958. Cotangent
bundle is dual of the tangent bundle. Because of this duality, some of the geo-
metric results are similar to each other. The most significant difference
between them is construction of lifts (see [16] for more details). In 1952, para-
complex manifolds, almost para-Hermitian manifolds and para-K&hler mani-
folds were defined by Libermann[8] and In 1985, Kaneyuki and Williams
defined the almost para-contact structure on a pseudo-Riemannian manifold M
of dimension 2m + 1 and constructed the almost para-complex structure on
M?™M+1 x R [7].

Let M, be an n —dimensional differentiable manifold and Tp(M,,) the
cotangent space at a point P € M,,, that is, the dual space to the tangent space
Tp(M,,) at P. Any element of Tp(M,,) is called a covector at P € M,,. Then the
set

T*(My) = Upem, Tp(Mp)
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is the cotangent bundle over the manifold M,,. For any point P of T*(M,,) such
that P € Ty (M,,), the correspondence P — P determines the bundle projection
m:T*(M,) — M,. The set m~1(P), that is, Tp(M,,), is called the fibre over
P € M,, and M,, the base space [16].
Let f be a function on M,,. We write f" for the function in T*(M,,) obtained
by forming the composition of 7: T*(M,,) = M,, and f: M — R, so that
fV = fom. Thus, if P € T5(M,,), then we have

fP(P) = f(P).
We now easily have (fg)’ =f"g",(f+9)’' =f"+g" for any f,g€
I9(M,,). Thus the value of fV is constant along each fibre. We call fV the
vertical lift of the function f [16].
Let X € 33(T*(M,,)) be such that Xf? = 0 for all f € I3(M,,). Then we say X
is a vertical vector field in T*(M,,). It is easily shown that X is vertical if and
onlt if 1t has components of the form

cas (0
& = ()

i.e., X' = 0 with respect to the induced coordinates (x", p;) in each ==1(U).

Generally use XV for vertical lift X of X [16].

Suppose that w € J9(M,,) with local components w; in M,,, so that w is a 1-
form with lokal expression w = w;dx"'. The w¥ has components of the form

@)= (o)

with respect to the induced coordinates in T*(M,,). Clearly, we have w”(f?) =
0 for any f € 39(M,,), so that w" is a vertical vector field. It is easily proved
that, for any f € I5(M,,) and w, 8 € I9(M,,) [16],
(w+60) =w’+ 06",
(fw)" = fPw”,
[w¥,87] = 0.

Let S € I3(My,)(s = 1) and suppose that 1S has components Sp_ 5, With
respect to the induced coordinates in T*(M,). We see that yS has local

expression
]

yS = paSii___izildxiS ®...Q dxz ® 3o
i1
with respect to the induced coordinates in mw~*(U), where S{;___l-l are com-
ponents of S in U. For any F € 31(M,,), yF is a vector field with components

0
= (i)
Y paF ia
with respect to the induced coordinates on T*(M,,) [16].

Let X € 33(M,,), then we define a vector field X¢ on T*(M,,), the compnoents
fo X¢ are
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Xh
S
—pi(0nX")
with respect to the induced coordinates (x",p;) in m=*(U), where X" are local

components of X in M,,. We call X¢ the comple lift of the vector field X to
T"(M,) [16].

Proposition 1 Let X € 33(M,), w € I9(M,) and F,G € I1(M,,),S,T €
31(M,,), then [16]

¥Sw" =0,¥S)(yF) =0,

¥$)X =ySx, ¢¥S)(T) =0,

FCwV = (woF)",F¢(yG) = y(GF),

FCX¢ = (FX)C +y(LxF),
where Sy is the tensor field of type (1,1) in M defined by Sy (Z2) = S(X, Z) for
any Z € I (M,).

Proposition 2 Let X, Y € I3(M,,), w, 0 € I9(M,,) and F, G € I1(M,,), then
[16]

[w¥,08Y] =0, [w",yF] = (woF)",

[YF,vG] = yF,G][X%, 0"] = (Lyw)",

[XC,yF] = (LyF), [X,Y€] = [X, Y1F,
where woF is a 1-form defined by (woF)Z = w(FZ) for any Z € 33(M,,) and
Ly the operator of Lie derivation with respect to X.
Let M,, be an n —dimensional diferentiable manifold. Differantial
transformation of algebra T'(M,,), defined by

D=V, :T(M,) > T(My),X € I5(My),
is called as covariant derivation with respect to vector field X if
VfX+th = fVXt + gVYt,

V. f=Xf,Yf,g €IY(M,),VX,Y € Iy(M,),Vt € I(M,,).
On the other hand, a {ransformation deﬁngcg b; o "

Lol o~1 N o~1
is called as affin connegtilc;ﬁlo[(%ﬁl.) X 30(Mn) = 3o (M)
Let V be a symmetric affine connection in a differentiable manifold M,,. For a
vector field X in M,, and a tensor field F € 31 (M,,), we put in the cotangent
bundle T*(M,,)
X 7= (VX )C'
FH = F¢ +y[VF],
where the right-hand side denotes the complete lift of the covariant
differentiation Vy to T*(M,,), and call X the horizontal lift of the vector field
of X and [VF] is a tensor field of type (1,2) defined by [VF](X,Y) =
—Vx(FY) + Vy(FX). Thus, we have
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XH =XC +y(VX),
where VX = VX. The horizontal lift X¥ has local components

= (5 )
Iy Xt

with respect to the induced coordinates (x",py) in T*(M,), where [ =
PTji, T} being components of V in M,, and [VF]y € J7(M,) [16].
Proposition 3 Let X, Y € I3 (M,,), w € IY(M,,) and F € 31 (M,,), S € IL(M,,),
then [16]

(X", "] = (Vyw), [X",yF] = y(VxF),

(X7, YH] = [X,Y]" + YR(X,Y),

(XY = [X,Y]" +y(LxV)y,

[FEXH] = (FX)" + y([VF]x),

(yS)XH = VSX)
where R is the curvature tensor of V and the term involving the Lie derivative
on the connection V is given by (LxV)y = V, VX + R(X,Y),[VF]x € 31 (M,)
is given by [VF]xY = (VxF)Y — (VyF)X.

Proposition 4 Let f € I3(M,,), X, Z € I3(M,), w € I)(M,,) and F € I} (M,,),
then [16]

FHwV = (woF)Y, FHXH = (FX)H,

FHX¢ = (FX)! —y((VX)F),

XMyZ =y(Vx2),X"fV = (Xf)".

2.Main results
2.1 Integrability Conditions of Almost Complex Structure on T*(M,,)
Let F be an almost complex structure on M,,, i.e., F? = —I. We say that
F is integrable if the Nijenhuis tensor Ny of F is identically equal to zero. The
Nijenhuis tensor N is defined by
Np = [FX,FY] — F[X,FY] — F[FX,Y] + F?[X,Y]
for any X,Y € I5(My,) [2, 13].

Proposition 5 Let F be an almost complex structure in M,, with the Nijenhuis
tensor N, then

FH —y([VF] - (NF))

is an almost complex structure on T*(M,,).

Proof.
(F — y([VF] =5 (NF)))? = (F")? — Fiy([VF] — > (NF)) —
FHy([VF] - (NF))
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+Y([VF] =5 (NF)y ([VF] - 5 (NF))
= (F° + y([VFD)? = y([VFDF) + ;v (NF?)
~y((IVFDF) + 5y (NF?)

= (F©)? + F¢y([VF]) + F¢y([VF]) + y([VFDy([VF])
—2y(([VFDF) + y(NF?)
= (F) +yN +y(([VFDF) + y(([VFDF)
—2y(([VFDF) + y(NF?)
= (F®)“ +y(N + NF?)
=—I+y(N—-N)
=—I,
where F is an almost complex structure on M,,, i.e., F? = —I.

Remark 1 Let F be an almost complex structure in M,, with the Nijenhuis
tensor Ng. The structure defined by

FE +~y(NF)
is an almost complex structure in T*(M,,) [16].

Theorem 1 Let N (X", YH) be the Nijenhuis tensor of almost complex
structure F¢ + %y(N F) in T*(M,,). Then the almost complex structure

F¢ + %y(N F) in T*(M,,) is integrable if and only if the following i),ii) and
iii) conditions are required.

i) Almost complex structure F in M,, is integrable,
ii) The curvature tensor R of V satisfies R(FX,FY) = R(X,Y),

ii)V([VF]y +5 (NF)y) = 0 and V([VF]x +5 (NF)y) = 0,
where X,Y € I5(M,), F € I1(M,).

Proof.
NXH,YH) = [(FC +5y(NF)X™, (FC +~y(NF))Y*H]
—(FC + Sy (NF)[(FC + Sy (NF) X", YH]
—(FC + 2y (NF))[X", (F€ + 5y (NF))Y"] — [X¥, Y]
= [(FX)" + yVF]x + 5y (NF)x, (FY)" + yVF]y + -y (NF)y]
—(FC + Sy (NE)[(FX)" + yVF]x + Sy (NF)x, Y71
—(FC + Sy (NF)[X", (FY)! +yVF]y +5y(NF)y] — [X¥, Y]
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= [(FX)" + y([VF]x +5 (NF)x), (FY)! + y([VF]y + (NF)y)]
—(FC + Sy (NF)[(FX)" + y([VF]x + 5 (NF)), Y]
—(FC + Sy (NF)[X™, (FY)! +y([VF]y +5 (NF)y)] — [X, Y]
= [(FX)!, (FV)H] + (FX)"y ([VFly +5 (NF)y) — (FY)"
+y([VFx +5 (NF)x) + Y ([VF]x + 5 (NF) ) ([VF]y +5 (NF)y)
—([VFly + 5 (NF))([VFx +5 (NF)x))
—(F€ +Zy(NF))([(FX)", YH] = YAy ([VF]x + 5 (NF)x))
—(FC + =y (NF)([X™, (FY)] + X"y ([VF]y +5 (NF)y) —[X",¥H]
= [FX,FY]" + yR(FX,FY) + yVex([VF]y + % (NF)y)
~YVry ([VFlx +5 (NF)x) + Y ([VF1x [VFly + 3 [VF]x(NF)y
+ = (NF)x[VF]y + 5 (NF)x(NF)y — [VF],[VF]x
—~[VF]y(NF)x =5 (NF)y[VF]x — 2 (NF)y (NF)y)
—(FC +Sy(NF))([FX,Y]" + yR(FX,Y)
—Vy([VF]x + 5 (NF)x))
—(FC +Sy(NF))([X, FY ] +yR(X, FY)
—Vx([VFly + 3 (NF)y)) — [X", Y]

= [FX,FY]" + yR(FX,FY) + yVgx([VF]y + %(NF)Y)

~YVry ([VFlx +5 (NF)x) + Y ([VF1x [VFly + 3 [VF]x(NF)y
+ = (NF)x[VF]y + 5 (NF)x(NF)y — [VF],[VF]x
—~[VF]y(NF)x — 5 (NF)y[VF]x — 2 (NF)y (NF)y)
—FC[FX,Y]" — FCyR(FX,Y) + FCV, ([VF]x + % (NF)x)
—~y(NF)[FX, Y] =~y (NF)YR(FX,Y)
+ Y (NF)Vy ([VF]x +5 (NF)x) = F[X, FY]"
—FCYR(X, FY) = FEVx ([VF]y + (NF)y)
—~y(NF)[X, FY]! =~y (NF)YR(X, FY)
—~y(NF)Vx([VF]y +5 (NF)y) = [X, Y] = yR(X,Y)

= [FX,FY]" + YR(FX,FY) + yVpx ([VF]y + 5 (NF)y)
~YVey ([VF]x + 5 (NF)x) + Y ([VF1x [VFly + 3 [VF]x (NF)y
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+= (NF)x[VF]y + +5 (NF)x (NF)y — [VF],[VF]x
—~[VFly(NF)x — 5 (NF)y[VF]x — = (NF)y (NF)y)
—(F[FX,YD" = y([VF]irx,v)) — ¥ (R(FX, Y)F)
+FCVy ([VF]x + 5 (NF)x) = sy (NF) rx )
—SYWEYR(EX,Y) + 5y (NF)Vy ([VF]x + 5 (NF)x)
—(F[X, FYD" =y ([VF]ix,ry)) — ¥ (R(X, FY)F)
—FCVx([VF]y + 5 (NF)y) = >y (NF)x ey
—YWE)YR(X,FY) = 2y (NF)Vx ([VF]y + 5 (NF)y)
—[X,Y]¥ —yR(X,Y)
= ([FX,FY] = (F[FX,Y]) — (F[X,FY]) - [X,Y])"
—y(R(FX,FY) — R(FX,Y)F —R(X,FY)F —R(X,Y))
—~y(NF)YR(FX,Y) = >y(NF)YR(X, FY)
+Y(Vex ([VFly + 5 (NF)y)) = FEVx ([VFy + 2 (NF)y)
—>Y(NF)Vx([VFly + 5 (NF)y)
~Y(Vey ([VF]x + 5 (NF)x)) = FEVy ([VF]x +5 (NF)x)
— SV (NF)Vy ([VF]x + 5 (NF)y)
+Y([VF)x[VFly — [VF1y[VF]x + 5 [VF]x(NF)y
3 [VFly(NF)x + 5 (NF)[VF]y
=5 (NE)[VF]x + 5 (NF)x(NF)y = 3 (NF)y (NF)y
~[VF]irx,y) = [VF]x,pv) — %(N F)iexy) — % (NF)x,ry))-
Thus we can put
N(xH",yH) = N(X, Y)H
—y(R(FX,FY) — R(FX,Y)F — R(X,FY)F —R(X,Y))
—~y(NF)YR(FX,Y) — >y (NF)YR(X, FY)
+Y(Vex ([VFly + 3 (NF)y)) = FEVx ([VF]y + 2 (NF)y)
—~Y(NF)Vx([VF]y +5 (NF)y)
~Y(Vey ([VF]x + 5 (NF)x)) = FEVy ([VF]x +5 (NF)x)
—~Y(NF)Vy ([VF]x +5 (NF)x) + yP
where P is the tensor field of type (1,1) in M,, given by

1 1
P = ([VF]x[VF]y — [VF]y[VF]x + 5 [VF]x(NF)y — 5 [VF]y(NF)x
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+2 (NF)x[VFly = (NF)y[VF]x + 7 (NF)x(NF)y — = (NF)y (NF)

~[VF)iexn — [VF vy = 5 (NFirxr — 5 (V) prv)
i) Because of almost complex structure F in M,, is integrable, we get
N(X,Y) = 0.
ii) The curvature tensor R of V satisfies R(FX,FY) = R(X,Y) for any
X,Y € 33(M,,). Thus, we get R(FX,Y) = —R(X, FY) since F? = —I, we find

—v(R(FX,FY) — R(FX,Y)F — R(X, FY)F — R(X,Y))
{— %y(NF)yR (FX,Y) — %y(NF)yR (X, FY) }

iii) If we consider the conditions of
V([VF]y + 5 (NF)y) = 0andV([VF]x + 5 (NF)y) = 0,

then we get
+Y (Vex ([VFly + 5 (NF)y)) = FEVx ([VF]y
+=(NF)y) = >y (NF)Vx([VF]y + 5 (NF)y)

and
~Y (Ve ([VF]x + 5 (NF)x)) = FEVy ([VF]
+=(NF)x) = sy (NF)Vy ([VF]x + 5 (NF)y)

Because of this results, the theorem is completely proved.

Theorem 2 Let N(8Y,w") be the Nijenhuis tensor of almost complex
structure ¢ +%y(NF ) on T*(M,) and almost complex structure F on M,,.

Then the almost complex structure F¢ +%y(NF ) on T*(M,) is integrable,
where 8, w € IY(M,), F € 31(M,).

Proof.
N(@©Y, 0") = [(FC +2y(NF))6Y, (F¢ + Sy (NF))w"]
—(FC + >y (NF)[(FC + Sy (NF))6Y, "]
—(FC +~y(NF))[6", (F¢ + 5y (NF)w"] - [6", 0]
= [FC0Y +y(NF)8Y, FCw’ + -y (NF)w"]
—(FC +>y(NF)[FC6Y + 2y (NF)6", "]
—(FC +>y(NF)[6Y, FC0” + Sy (NF)w'] - [6Y, 0]
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= [(B0F)” +5y(NF)8Y, (woF)" +>y(NF)w"]
—(F¢ +y(NF)[(B0F)” +5y(NF)8Y, "]
—(FC +Sy(NF))[6Y, (woF)” +>y(NF)w"] = [6¥, "]
= [(BoF)", (woF)"] = (F* + %V(NF))[(HoF)V, "]
—(FC +>y(NF))[8Y, (woF)"] = [8¥,0"] =0
where (60F), (woF) € I9(M,,), [0V, w"] = 0. The theorem is proved.

Theorem 3 Let N(X”,w") be the Nijenhuis tensor of almost complex
structure ¢ +%y(NF ) in T*(M,) and almost complex structure F on M,,.

Then the almost complex structure F¢ + %y(NF ) on T*(M,,) is integrable if
and only if VF = 0, where X € I3(M,,), w € I)(M,),F € I1(M,,).

Proof.
N&X", ") = [(FC +Sy(NF)X®, (FC + Sy (NF))w']
—(FC + Sy (NF)[(FC + 5y (NF)X", "]
—(FC +-y(NF))[X", (F¢ + sy (NF)w"] - [XH, 0]
= [(FX)" + yVF]x + 5y (NF)x, (00F)” +>y(NF)w"]
—(FC + Sy (NF)[(FX)" + yVF]x + 5y (NF)x, 0]
—(FC +>y(NF)[X", (woF)” +>y(NF)w"] — [X*, 0]
= [(FX)" +y([VF]x + 5 (NF)y), (woF)"]
—(FC + Sy (NE)[(FX)™ + y([VF]x +5 (NF)x), "]
—(FC +Zy(NF))[X", (woF)"] = [X", "]
= [(FX)", (@0F)"] =y ([VF]x + 5 (NF)x) (w0F)"
—(FC +2y(NF)[(FX)", "] = y([VF]x + 5 (NF)x) o
—(F€ + Sy (NF)) (Vx (woF))" — (Vxw)"
= (Vex(w0F))” = (F€ + Sy (NF)) (Vixw)"
—(F€ + 5y (NF)) (Vx (woF))" — (Vxw)”
= (Vex (w0F))" = FE(Vpxw)” = 2y (NF)) (Vixw)”
—FC(Vx(woF))” =~y (NF)(Vx(woF))" — (Vyw)”
= (Vrx(@0F))" = ((Vpxw)oF))” — (Vx(woF))F)¥ —

= (wo(VpxF) — (Vx(woF))F)V — (Vxw))".
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If we have VF = 0, then F¢ + %y(NF) is integrable in T*(M,,). The theorem is
proved.

2.2 Tachibana operators applied X and X¢ According to an Almost
Complex Structure F¢ + y% (NF)onT*(M,,)

Let ¢ € I1(My), and J(M,) = ¥%—o It (M,,) be a tensor alebra over R. A

map Py |50 S(Myp) = I(My,) is called as Tachibana operatdr or ¢, operator

on M, if
a)¢,, is linear with respect to constant coefficient,
b)p,: I(My) = I511(My) forall 7 and s,
c

OPp(K QL) =(pp,K) ®L+K®Q ¢py,L forall K, L € I(M,),
dDppxY = —(Lyp)X for all XY €IJ4(M,),where Lyis the
Liederivation with respect to Y (see [3, 6]),
e) (PpxmY = (d(ym)(@X) — (d(y(no@)))X + n((Lyp)X)
= ¢X(yn) — X(pyn) +n((Lyp)X) .
for all n € IY(M,,) and X,Y € I3(M,,), where 1y,n =n(Y) =n ® Y,I5(M,,)

the module of all pure tensor fields of type (r,s) on M, with respect to the
affinor field [2, 4, 5, 13](see [14] for applied to pure tensor field).

Theorem 4 Let F€ + %y(NF ) be an almost complex structure on T*(M,,) and

X,Y € 33(M,,), then we get the following results

) ¢(FC+§V(NF))XHYH = (¢rxV)" +yP,
where P € S}(M,) and P = —R(Y, FX) — Vy ([VF]x + (NF)x) +
1
[VF]yx) + R X)F + 5 (NF)py .

ii)¢(FC+3y(NF))nyH = (¢ +y P,
2
where P’ € 31(M,) and P' = R(FX,Y) + V, VFX — Vy (LyxF + %(NF)X) -
1
[VFlxy) — (R(X,Y) + Vy VX)F — =~ (NF)[xy)-

i) ¢(FC+%Y(NF))XHYC = (@exV)" +YP,
where P" € 31(M,,) and

48



" 1
(R(Y,X)
+VxVY)F + = (NF)py

v ¢(FC+§V(NF))nyC = (@ +YP,

where p” € SH(M,) and P* = —Ly (LxF + 5 (NF)x) + Liy.qF + 2 (NF)y x).

Proof.
DB ey Y = =Ly (F + 3y (NF))X™
= —Lyu(F€ + Sy (NF)X" + (F€ + ~y(NF))Lyn X"
= —[Y", (FX)" + yVF]x + 2y (NF)y]
+(FC + Sy (NF) [V, XH]
= —[Y, (FX)1" = [Y", y ([VF]x + 5 (NF)y)]
+FE[YH, XH] + 2y (NF)[YH, X1
= —[Y, (FX)" = yR(Y, FX) — yVy ([VF]x + 5 (NF)x)
+FE([Y, X1" +yR(Y, X)) + %y(NF)([Y, X" +yR(Y,X))
= —[Y, (FX)" = yR(Y, FX) = yVy ([VF]x + 5 (NF)x)
+(F[Y, X" + yVF ]y x) + FEYR(Y, X) + 5y (NF)py
= —(LyHX)" - (FLyX)" —yR(Y,FX)
—yYVy([VF]x + 2 (NF)x) + (FLyX)" + yVF]y x)
+YR(Y, X)F + 2y (NF)y x1
= —((LyF)X)" + y(=R(Y,FX) — Vy([VF]x + %(NF)x)
+HVF ]y x + R X)F + 2 (NF)y x7)
= —(LyF)X)" +yP
= (prx¥V)" +yP
i0) B pcstyuimpne ! = ~(Lyn(FC + 5y (NF))XC
= —Lyu(FC + 5y (NF))XC + (F¢ + 2y (NF))LynX°
= —[Y", (F€ + Sy (NF)XC] + (FC + Sy (NF)[Y", X€]
= —[YH,FEXC + 2y (NF)XC] + FE[YH, XC] +-y(NF)[Y¥, X€]
= —[Y", (FX)C +y(LyF + % (NF)y)]
+FC(—[X,Y]H —y(R(X,Y) + VyVX))
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+y(NF)(=[X, Y] = y(R(X,Y) + Vy VX))
= —[YH, (FX)°] = [YH,y(LyF + %(NF)X)]

1
—FC[X, Y]H - FC)/(R(X, Y)+V,VX) — Ey(NF)[X, Y]H

= [FX,Y)" + y(R(FX,Y) + V,VFX)

—yVy(LxF + 2 (NF)x) = (FIX,Y" = y([VF](x.v7)

—Y(R(X,Y) + VyVX)F) = 2y (NF)x )

= —((LyP)X)" = (FLyX) + (FLyX)"

+Y(R(FX,Y) + Vy,VFX — Vy(LxF + % (NF)x) — [VF][X,Y] —
(R(X,Y) + VyVX)F =~ (NF)pxy)) = (brx¥)" +y P’

0 B g 1y =~ (e (FE + 5 Y(NE)X
= —Lyc(FC + Zy(NF)X" + (F¢ + 2y (NF))LycX"
= [V, (FC + 5y (NEDXM] + (FC + Sy (NF)[Y €, X"
= —[YS, (FX)" + y([VF]x + 5y(NF)x)] + FE[Y, X"]
+-y(NF)[Y €, XH]
= —[Y%, (FX)"] = [V, y([VF]x + %Y(NF)x)] + Fe([y, x]"
+Y(R(Y,X) + VxVY) + >y (NE)([Y, X +y(R(Y,X) + VxVY))
= —[Y, FX]" = y(R(Y, FX) + VpxVY) — YLy ([VF]x + %(NF)x)
+FEY, X7 + FEy(R(Y, X) + VxVY) + 2y (NF)[Y, X]"
+2Y(NF)Y(R(Y,X) + V4 VY)
= —((LyHX)" N (FLyX)" —y(—=R(Y, FX) — VpxVY)
—yLy([VF]x + 2 (NF)x) + (FLyX)" + yVF]y x|
+Y((R(Y, X) + VxVV)F) + -y (NF)yx)
= —(Ly X" = (FLyXO" + (FlLyX)H
+Y(—R(Y,FX) — VpxVY — Ly ([VF]x + > (NF)x) + [VF] iy x)
+R(Y,X) + VxVF + - (NF)yx) = (@) +y P’
1) ¢(FC+%y(NF))XCYc = —(Lyc(F® + 2y (NF))X®
= —Lyc(FC + Zy(NF)XC + (F¢ + Sy (NF))LycX®
= [V, (FC + 5y (NF)XC] + (FC + 5y (V)Y 4, X€

=—[YS (FX)C +y(LyF + %(NF)X)] + FC[Y€, X€]
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+-y(NF)[Y¢,X]
= —[YS, (FX)°] = [YC,y(LxF + (NF))] + FE[Y, X]¢
+-y(NF)[Y, X]¢
= —[¥, FX]® = y(Ly (LyF + % (NF)x) + (F[Y,X])°

1
YLy xF +5y(NF)yx
= —((LyF)X) = (FLyX)® + (FLyX)®

1 1
+y(—Ly(LxF + > (NF)x) + Ly xF + > (NF)y,x1)
= (prx¥V) +yP".

The theorem is proved.

10.

11.

12.

13.

14.
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KOTOXUNAN LAYLANMADA INTEQRALLANMA
VO OPERATORLAR HAQQINDA BOZi QEYDLOR

H.CAYIR, T.SULTANOVA

XULASO

Bu mogqalonin asas magsadi F¢ + %y(NF ) sanki kompleks struktur ii¢iin Neyenxoys

tenzorunun N (XY, Y"), N(X",YV), N(XV,Y") qiymotlorini hesablamagla strukturun
inteqrallama sortlorini vo bu struktura géra toyin olunmus Tagibana operatorunun X vo X¢
lift vektorlarina totbiqinin naticalorini tapmaqdir.

Acar sozlar: ineqrallama sortlori, Tacibana operatoru, iifuqi lift, saquli lift, sanki
kompleks struktur, kotoxunan laylanma
Riyazi elmlorin tasnifati: Birinci 15A72, 47B47; Ikinci 53A45, 53C15

HEKOTOPBIE 3AMEYAHUSA OB YCJIOBUAX HHTEI'PUPYEMOCTH
N OITEPATOPAX KOKACATEJIBHOI'O PACCJIOEHUA

X.YAUBIP, T.CYJITAHOBA
PE3IOME

OcHOBHasl LieJIb TJAHHOW CTAThH - HAWTH YCIOBUSI HHTETPUPYEMOCTH ITyTE€M BBIUYUCICHUS

tenszopos Heitenxeiica N(X,YH), N(XH,YV), N(XV,Y") nouru xoMIekcHOH CTpyKTyphl
1

F¢+ ;y(NF ) ¥ TOKa3aTh pe3ybTaThl IpUMeHeHus onepaTopos Taunbansl k X7 u X€ otHo-

CUTENbHO CTPYKTYphl FC€ + %y(NF ) B KoKacatenbHOM paccioenuu T (My,).

KaroueBble cjioBa: yclIoBHE MHTETPHPYEMOCTH, omepaTop TadnbaHbI, TOPH3OHTAIb-
HBII (T, BEPTUKATBHBIA JINQT, TOYTH KOMIUIEKCHASI CTPYKTYpPa, KOKAacaTeIbHOE PACCIOCHHE.

Kuaccudpuxkanus IlpenmeroB Maremaruku: I'maBnas 15A72, 47B47; Bropuunas
53A45, 53CI15
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VJIK 517.9

UCUNCU TORTIB DISKRET ADDITIVO-POVERATIVO-
MULTIPLIKATIV TOROMOLI TONLIK UCUN KOSi VO SORHOD
MOSOLOLORININ HOLLININ ARASDIRILMASI

N.9.9LIYEV!, AM.MOMMODZADJ?,
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Burada ii¢ miixtalif diskret téramoa tutan bir tonlik iigiin Kosi vo masalalorinin hallori
tayin edilacakdir. Bunun ii¢iin avvalca baxilan tonliyin ixtiyari ti¢ sabitdon asili olan iimumi
halli alinacaq, sonar isa baxilan masalonin halli miiayyan edilocakdir. Hor iki halda masalonin
halli tigiin analitik ifads alinacaqdir.

Acar sozlor: Diskret additiv, multiplikativ vo poverativ toromo, diskret qeyri-xotti Kosi
vo sorhad mosolasi, ardicilligin toyini.

Giris: Diskret additiv toromoli tonliklor ii¢iin mosalolor (xotti mosalalor)
yaxs1 aragdirilmisdir [1] — [3]. Diskret multiplikativ téromoli tonliklor son za-
manlar arasdirilmaga baslanilmigdir [4] — [6]. Diskret poverativ toromali ton-
liklor iso yenico arasdirilmaga baslanilmisdir [7] — [8]. Qeyd edok ki, diskret
additivo-multiplikativ, multiplikativo-additiv, multiplikativo-poverativ va po-
verativo-multiplikativ téromali tonliklor ticlin mosalolors do axir vaxtlar baxil-
maga baslanilmisdir [9] — [14].

Burada iso yuxarida soylodiyimiz biitiin li¢ diskret toromoni 6ziindo sax-
layan tonlik tigiin masalolorin halli aragdirilacaqdir.

Mbosalanin qoyulusu: Asagidaki kimi mosaloys baxaq:

() =f. 020, (1)
burada f,,, n > 0 verilmis ardicilliq, y,, n > 0 iso axtarilan ardicilliqdir. Belo
ki, (1)-do diskret additiv toromonin diskret poverativ toromosinin, diskret mul-
tiplikativ toroamasindon alinan ti¢lincii tortib toramali bir tonlik verilmisdir. Bu
tonliyin imumi hollinin tapilmasi ilo mosgul olaq. ©vvalco dikret multiplikativ
toromonin torifindon istifado etsok alariq:

Ons)™ _ >0 2
(yﬁtl)){l} _fn’ n=u. ( )
Burada n doyisonino sifirdan baglayaraq, (n-1)-0 godor giymotlor versok,
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asagidaki ifadoslori almis olariq:

oD
oPpw
Bu ifadolori vursaq, sadolosmodon sonra alarlq:
O = 0™ - TIRZG fier 120, 3)

Qeyd edok ki, n=0 olduqda (3) ifadosi eyniliyo g¢evrilir. Ona goro do (3)-do
osason n=> 1 oldugu gobul olunur. Aldigimiz (3) tenliyinin sol torafi {iclin dis-

kret poverativ toromonin torifindon istifado etsok, alariq:
)

Yn i i
y8 = B TRz £
v ya

)
" = (P - (R )™, nz 2. “
Burada n-o qumatlar versok, alariq:

1)) D
32 =y y2 = (@
) y{ ONINS
Y= yam y3 = (Y ([Mho i)™ = (7)) e

( )
[Tk f) @5
................................................. o
W= Y= Yue = (O - (T3 fi) ™.
Bu ifadslori topladiqda iso

n
+ IR (B f0” L n= 3. )
Beloaliklo, asagidaki hokmii almig olariq.
Teorem 1. Ogor f,,, n= 0 verilmis ardicilligdirsa, onda (1)-in ixtiyari hoalli
(5) vasitosi ilo verilir.
Kosi mosalosi: Ogor
Yo =0, y1=P.¥2=V, (6)
sortlori verilarss, onda (1), (6) Kosi masalasinin halli

Y=y + X2 (P = B )Y s - (T2 £ 7%, 0> 3, (7)

ifadasi ilo verilmis olur.

Bels ki, n=3 olarsa,
p-a - s+1-Ys
yi=y + Sy (Y =By (G )7 =
—a Vi) _
—y +(B W)yz_yl ,foyz_m:y +(y =) e - fOV B_ )
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Ogor (7)-do n=4 gobul etsok:
V4=V T Zgzl (ﬁ_“ /y__ ’B )y5+1—ys . ( i;%) fk)ys+1_ys):

=y +(B-W)yz_y1 .fOJ'z-ler(ﬁ-W)ys-yz . 9;0 Cf)YEY2 =
=yt =B I Ty =By AT

}/;_TB Y-8 ﬁ
e A L
v
=B P~ £V F =5
=B (o f¥ TR

)

Teorem 2. Ogor f,,, n= 0 verilmis ardicilliq, a,f vo y verilmis sabit-
lordirss, onda (1), (6) Kosi masoalasinin halli (8), (9)-dan goriindiiyli kimi (5)-

don alinir.
Bu qayda ilo biitiin y,, -lar (7)-don addim-addim alinir.

Indi iso (1) tanliyi iiciin asagidaki kimi sarhad masalasina baxaq:

= ar, g V=B, ym =7.
Onda (3)-don alariq:

) _ - —
(yO ){I} - :8 : 7]::(% k= 1In>
Burada poverativ toromonin torifindon istifado etsok:

ygp/ M)
yn+]_ = Fn’

)
3’7(1?1 =En, n> 1.

Vo ya

Kosi mosalasinds oldugu kimi burada da n-o qiymatlor versok, alariq:

3’2(1) =Y3-Y2 = F13(111) =F",
ysP=y, y3=F,>> = F," 3
D =y y,=F”3 = F3F2F1 ,

Va

; .
yT(l )= Yn+1-IYn = Fn—an 2

Bunlar1 comlosok, alariq:
F, F zFla
Yn+1=Y3 T 2oy B/ m .
Burada axirinct sorhad sortini nozoro alaq. Yoni n=m-1 qobul etsok:

FpF1”
Y =Ym=Ys+ iz B "t
oldugunu alariq. Onda (14)-don y;-i
_.F2F1a ,4F2F1a
Vi=V - Xhet Bt + YRz it =
FyF1”

_ m—2 Fn_1”
=Y - Zken-1 Fx "7 ,
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(10)

(11)

(12)

(13)

(14)

(15)



ifadosini almis olurugq.

Verilmis (10) sorhad sortlorindon:
Y2-Y1 =@ Y1-Yo=logga, ym =Yy

oldugu alinir. Onda (15)-don y; {igiin

—_ .-'F @
Y1 :V‘Z;cn=01Fk '

ifadosini nozoro alsaq,

Yo=Yy1-logga,y, =y ta

oldugu alinir ki, dogrudan da biitlin y;, - larin alinacagi asanliqla goriiniir.

Beloaliklo, aliriq:
Teorem 3. Ogor f,, n= 0, a, f vo y verilmis sabitlordirss, onda (1), (10)

sorhad mosalosinin holli (15) vasitosi ilo verilmis olar.

N —

10.

11.

12.

13.
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MCCJIETOBAHMS PEIIEHUI TPAHUYHBIX 3AJIAY U YPABHEHUM KOOI
TPETBEI'O NIOPAAKA TUCKPETHO AJAUTHUBHBIX IOBEPATUBHbIX
MYJbTUIIIMKATUBHBIX MTPOU3BO/JHBIX

H.A.AJIMEB, AM.MAMMEJI3AJIE
PE3IOME

B nanHo#t pabote OyayT paccMarpuBathCs pemicHus Korm u 3amadu Ui ypaBHEHHHA
coJieprKalliie TPU pa3jIndHbIe JTUCKPETHBIE MPOU3BOIHbIE. [ 3TOr0 cHavana HaxoauTCs 00-
IIee perieHre paccMaTpuBaeMOTO YpaBHEHHsI, KOTOPOE 3aBUCUT OT TPEX JIFOOBIX TIOCTOSHHEIX,
3aTeM HaxXOIWTCs pelieHHe JaHHOW 3ajaud. B 000MX cilydasX MOJYYHUTCS aHATUTHIECKOE
pelieHue 3a1ad.

KiaoueBble cioBa: I[I/ICerTHO AAAATUBHAsA NOPOU3BOAHAA, AUCKPETHO MYJIbTHUILIN-
KaTHBHagd MPOU3BOAHAA, JUCKPCTHO IMOBEPATHBHAA MPOU3BOAHAA, NJUCKPCTHO HEJIMHEHHAS U
TpaHUYHadA 3aga4a KOLHI/I, YCTAHOBJICHHUE TTOCJIEA0BATCIILHOCTH.

INVESTIGATION OF THE SOLUTION OF CAUCHY AND BOUNDARY
PROBLEMS FOR THE THIRD ORDER DISCRETE
ADDITIVE-POVERATIVE-MULTIPLICATIVE DERIVATIVE EQUATION

N.A.ALIYEV, AM.MAMMADZADE
SUMMARY

Here we will determine the solutions of Cauchy boundary problems for an equation
containing three different discrete derivatives. To do this, first obtain a general solution of the
equation under consideration, which depends on any three constants, and then determine the
solution of the problem under consideration. In both cases? An analytical statement will be
taken to resolve the issue.

Keywords: Diskret additive derivative, discrete multiplicative derivative, discrete

poverative derivative, discrete nonlinear Cauchy and boundary value problem, definition of
sequence.
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DETERMINATION OF THE LIMIT STATE
OF A NONLINEAR ELASTIC ECCENTRIC RING

M.E.MEKHTIYEV!, L.F.FATULLAYEVA?,
N.LFOMINA®, L.H.KHALILOVA®*
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The aim of this work is to study the limit state of a multilayer eccentric ring made of a
nonlinear elastic material and subjected to uniform external pressure. In this case, it is very
important to calculate the critical buckling force depending on the parameter that
characterizes different-walled shells, the presence of which can be explained, for example, by
the inaccuracy of the manufacture of the product. To solve this problem, we will use the
principle of calculus of variations with the method of Relay-Ritz.

Keywords: a multilayer eccentric ring, the different-walled parameter, critical force,
the Relay-Ritz method, the voltage, the non-linearity indicator.

Introduction. The relevance and importance of this article is related to
the search for reserves of material savings with a simultaneous increase in the
load-bearing capacity of pipes. The complexity of this study is that for a
number of important applications, pipes need to be represented as different-
walled shells with an initial imperfection. At the same time, the latter tends to
grow under the influence of the load and, starting from a certain value, the
growth of deflections can become catastrophically large. This circumstance
leads to the need to take into account the geometric nonlinearity. In various
designs, difference rings are used as load-bearing elements, the material of
which has the property of nonlinear elasticity. In this connection, it is of
interest to analyze the buckling of such elements. The presence of a difference
in thickness is inherent in almost all operated pipes. The analysis of the
buckling process of multilayer rings made of a nonlinear elastic material is
very important, due to the wide distribution and use of compressed structural
elements in various fields of technology. Despite numerous studies in this area
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[1, 2, 3], the influence of the different-walled parameter on the values of critical
forces remains poorly understood. The task set here is devoted to this aspect.
1.Getting the basic ratios. Let's define a polar coordinate system (z, ) and
introduce an eccentric ring of radius R and thickness 2h(8) (Fig. 1). Let's assume
that it is composed of S alternating layers of different thickness, the boundaries of
which are circles of the same eccentricity. The thickness of each layer is denoted by
0 (6). Thus, 0,(0)+0,(0)+...+,(6)=2h(f). We define the contact conditions
between the layers of the package, which consist in their rigid coupling. This implies
the equality of their displacements, stresses, and the absence of mutual pressure of the

layers. In the future, we will be guided by the hypotheses of flat Kirchhoff-Love
sections, under which the conditions of a rigid connection are fulfilled automatically.

The different-walled ring will be approximated by the expression
h(8) = hy(1+ AsinH), (1)
where A is the different-walled parameter. From geometric considerations, it
follows that A< [0,1), and 6;(0)= 5j0(1+/1sin 6), here h, and ;o are the
characteristic thicknesses of the ring and the | -th layer, respectively.

To describe the physical properties of the ring material, we will use the
equation of state of the nonlinear theory of elasticity, which we will write as:

n
e =2 li+| 2 a, <z<a,,, )
Evii Ok+1

where O is the voltage, N is the non-linearity indicator that takes even values
(2,4,0,..), E,, and GI? .1 [k=0,1,...,(s—1)], respectively, the elastic modulus

and the limit of proportionality of the material k layer. In (2) the notation is
introduced:

k
a =-h+) 5,0 (8, =0).

=0

Fig. 1. The model of the considered eccentric ring.
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Note that for n = 2 equation (2) is a fairly good approximation of the
law of elasticity for reinforced plastics, some aluminum alloys, duralumin, etc.
The value n=4 corresponds to the diagram of linear hardening. At sufficiently
large values N, the relation (2) approximates the law of ideal plasticity
(Prandtl's scheme).

Let us now denote by V and W, respectively, the movement in the
azimuthal direction and the deflection. The theory of thin rings proposed here
is based on the following assumptions:

in the process of deformation, the geometric nonlinearity in V and W is taken into
account at the same time . It should be noted that, all other things being equal, taking
into account the complete nonlinearity allows the most rational use of the load-
bearing capacity of structures [4];

b) buckling occurs in the plane of the ring;

c) due to the thinness of the wall, the thickness stress O varies linearly.

Note that the applicability and accuracy of the latter assumption is
justified in [5]. The solution of the problem is possible by means of the
variational method of the mixed type [6].

Given hypothesis a), the functional used has the form:

h(@) 2r ) 2 . 2
.. O |[oWw o
con | Thase | (2] o 2w |
2R |\ 060 260

~h(@) 0

2
—%a'e“’}dzdemjww, 3)
0

where € is the strain tensor. The point here and hereafter refers to the dif-
ferentiation by

(g =1). Given the expression (2), the functional (3) is rewritten as follows:

h(9) 2z o MW 2 By 2
K=R J' j{dmﬁ{(%—v) +(¥+w)]—

~h(6) 0
R27r h(o) &2 o n 2
=17 L+(n+1) =7 | (dzd6+R [vdo . @)
2 0-h(6) Ek+1 Ok+1 0

Due to the hypothesis of flat sections, we have:
8 = 80 - KZ .

Here ¢, and the change in curvature x are determined by the formulas

(o av) 1 Jfov Y (aw Y
E=—|\Wt— [+ | = tW | +| =~V , 5)
R 00 | 2R [\ 06 20
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=L [OW_V | (©)

accordingly, as follows from the equations of the theory of thin shells. Follo-
wing the assumption c), the stress distribution over the thickness is assumed to
be linear:
R
o=- +C(q)—cos|t9 (7)
2h, h,

It is important to note that the approximation (7) needs to be refined in order to
determine those A in which it is satisfactory or there is a need to represent it in
the form

R
o=- —Z_cos 6. 8
2h(8) +e(a) h(9) ®
Next, we take the approximating functions as
W=W,(q)+w(q)cosl@, v=v,(q)sinlé . 9)

Differentiating relations (5), (6), (8), (9) and substituting the obtained
relations and formula (8) into (4), after a series of calculations, we find:

K =2ty — (12 + vg¥y — (12 + 1 )ewyvig, — 2dvyig — 20V, w, +

27Zh§|2 .. 1 2 27Zh2| .. 1 2 7 (2 o T (;2 .2
+ O [ 14+ =27 [+ 22| 1+ = A7 |-+ == {17 + 1 —
3R 1( ) 3R ol ( )Wl 5 ( )"0

2
ﬂR3 -2 n R3
— 27V, — 7l — = D — o OIM _, —2R*DY M+
TqIW,Vy ﬂq04h§ 2%( oM p+l
o) CP(n+D)(=D)"Pg"PR"P
v 2 p
+2RD M€ ) : =P Kn+2 o,
o
where, for the sake of brevity, the following notation is entered:
A4l A 41
o= —jzdz, cpr: [2°dz
=0 Eknt ay k=0 By O-I<+1yI

T
Mo = [1—(—l)p+j+2]zj(l+/1sin9)p_n+j cosP I 1ade, j=-1,0,1;
0
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n!
pl(n — p)

Here W,, W;, V, and ¢ are independent variable values.

cP =

n

2. Solution of the received problem. Equating to
a—K=O, a—KzO, a—K =0 and a—K=O,
oW, oW, v, ac
we get a system of four ordinary differential equations, which we give in a
form that is convenient for subsequent integration. Omitting the elementary
calculations, we get:

212
—(I2 +1)7an — 27V, + 27::%' C(l+l/12 )—m(lz +1>"V1 —2mlv, =0,

2

2
—(I2+1)7zv0—27zlwl+273d;\f’l C(l+%/12 )—m(l2+1)\70—27quwl 0

2 0

212 .
21 (L), 2t _f AR,
3R 3R

cP=0.

4 CP(n+1)=1)"Pg"PR"P
b .

E ( 2R (DYHI p- +4R \;J+2M p—n+1C)>< ! 2n—phn+2

p=0 0

Our next step will be to calculate the unknown function arguments. To do
this, the system of equations must be supplemented with initial conditions,
which, based on the physics of the phenomenon, consist in the absence of a mo-
ment, an azimuthal displacement, and the presence of an initial imperfection:

c(0)=0, v,(0)=0, w,(0)=wcosl®, (10)

where Wlo is the specified amplitude of the initial imperfection.
For further calculations, it turns out to be appropriate to express w, by
g. Combining the second and third equations of the system, we get the

expressions

3R('2 _1) A =—1w1. (11)

1 (qu) ) I
2%P@+22)

After integrating the first expression (11) under the conditions (10), we get the
formula
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_ 3R(P-1)
2h§|2(1+;/12

wq . (12)

Using formulas (11), (12) and excluding from the last equation of the
above system Vv, and C, we arrive at a nonlinear differential equation with

respect to W, :
2h§(|2—1)(1+112}N1_M¢ ) S

3R 2 12h: (1+ ,12) | hg‘(1+;,12)

1 i 2 (Iz_lh Vv .
_Z _2R ¢p+1M p-n +6R —1¢p+2M p_n+1W1+
p=0 hg|2(1+2/12J

2 W p npn,_\n-pPap(12 _ 1P
PP | I 11) o' M, [Cr(MTDIREDT S (' p ) wP=0. (13)
h§|2[1+/12) 2NpNt2PE2Y2P 1+1/12
2 0 2

To give a quantitative idea of the nature of the change in the critical
forces obtained for different values A, we give the following example. We
introduce dimensionless quantities:

_h w F _q _3E
f_Ra R>77 0_10 E15¢2 Zh(:);
+i+1)E o .
SICISES) ) S

0

0

O E 0,(0) o
y=2L g=—t p="270_-"0

= — (04 = - .
0, E, 6,(0) by

This de-dimensionalization S follows from the accepted form of layer eccen-
tricity (formula (1)). Consider the stability of a three-layer (s =3) eccentric
ring, with the following periodic structure: E, =E;, 6,(6)=6,(6) and o, =0,

We write equation (13) for the value of the non-linearity index n=2
(in this case, the buckling occurs in the form of an "eight"):
2 2

97 _Yoerr -1l -— =L o075 2L

dy v 12(1+0,52f
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_ 3’04ﬁ§4n272¢2"73] . [lz(li @, +

19(1+0,52 ) 140,522 f
-1
+ 2,25'2—_15—2772(,);12 + 3,04ﬁ§—4772;/2¢}r2 , (14)
12(1+0.52) 19(1+0,52 )
here
_1+1,58+0,758% +0,12508°
2 (1+0,58) ’
v 1+158+0,758% +0,1250°y
»= (1+0,58) ’
v 1+258+2,58% +1,258° +0,328* +0,03208°
o= (1+0,58) '

Similarly, nonlinear differential equations for n=4 and N=6 are ob-
tained from equation (13), which are not presented here because of the cum-
bersome relations.

In equation (14), the transition to dimensionless differentiation was
carried out according to the rule

d 1 d

g E dr
Equation (14) should be integrated under the initial condition
0

W
7(0)=?1=70-

It is important to note that despite the rather cumbersome calculations
due to the multilayering taking into account the complete geometric nonlinea-
rity, the nonlinear physical relationship and the presence of eccentricity, the
solution of the problem can be reduced to the solution of the Cauchy problem for
a nonlinear differential equation of the first order, resolved with respect to the
derivative under the additional condition characterizing the limit state of the ring

3. Numerical analysis. The above mentioned allows us to perform
numerical integration of the obtained problem by the Runge-Kutta method.
With the following calculated data

%=10",E=10"",7=3-10°, 1=2,a=2, =4, y=05,
figures 2 show the dependences 7,, on A for n=2 - a), for n=4 - b), for
n=6 - c¢). Solid lines - 1 correspond to the case when O represented by
formula (7), dotted lines - 2 when O represented by formula (8).
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Fig. 2. Dependences of the critical buckling force 7, p On the parameter A :
ayn=2,b)n=4,c)n=6.

4. Conclusions.
« for certain values of the different-walled parameter A, the representation
of the voltage by
the dependence (8) leads to a decrease in the values of the critical force (about
10%) , and thus it is necessary to take into account the approximation (7);
» the difference in thickness of the walls significantly increases the critical
buckling force
(on the order of 25%);
* the values of the critical force decrease when the non-linearity index
increases, but at
n=2 and n=4 they are closer to each other, and at n = 6 strongly decrease.
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QEYRI-XOTTi ELASTIKi, EKSSENTRIK
HALQANIN LiMiT VOZiYYOTININ TOYINi

M. F.MEHDIYEV, L.F.FOTULLAYEVA, N.i.FOMINA, L.H.XOLIiLOVA
XULASO

Toqdim olunan isin magsadi xaricdon tasir edon miintozom tozyiqe moruz qalmis, qeyri-
xotti elastiki materialdan hazirlanmis, ¢oxlayl ekssentrik halganin limit vaziyyatinin todqiqidir.
Baxilan halda gabarma zamani bohran qiivvenin miixtalif qalinlig1 xarakterizo edon parametrdon
astliliginin  hesablanmasi ohomiyyot kosb edir, belo bir parametrin varligimi iso, mosalon,
moamulatin hazirlanmasinda geyri-daqiqliyin olmasi ilo izah etmok olar. Qoyulmus maosalonin
halli tiglin Reley-Rits tisulu vasitasilo variyasiya hesabi prinsipinden istifads edilmisdir.

Acar sozlor: coxlayli ekssentrik halqa, miixtolif qalinliq parametri, bdhran qiivva,
Reley-Rits iisulu, gorginlik, qeyri-xattilik gostaricisi.

ONPEAEJEHME INPEJEJTHOI'O COCTOSIHUA
HEJUHEWHO-YIIPYTOI'O SKCHEHTPUUYECKOI' O KOJIBIIA

M.®.MEXTHUEB, J1.O.PATYJIVIAEBA, HU.OOMHHA, JI.T . XAJINJIOBA
PE3IOME

Llenbto HacTosIEH pabOTHI SIBISIETCS. UCCIEOBAHUE MPEAEIBHOIO COCTOSIHUSL MHOIO-
CIIOHOTO 3KCHEHTPHUYHOTO KOJbIA, U3TOTOBJIECHHOTO M3 HEIMHEHHO-YIPYroro Marepuana U
MOJIBEPKEHHOTO PABHOMEPHOMY BHEIIHEMY JaBJICHUIO. B 3TOM ciydae BecbMa CyIIECTBEHHBIM
HPEeACTaBISIETCS BBIYUCICHUE KPUTHYECKOM CHIIBI BRIITYYMBAHHUS B 3aBUCUMOCTH OT TapaMeTpa,
XapaKTepU3yIOLIEr0 Pa3sHOCTEHHOCTh, HAJIMYHE KOTOPOTO MOXXHO OOBSCHHTH, HAIPUMEp, He-
TOYHOCTBIO M3TOTOBJICHUS N3enus. [yl pemeHns mocTaBIeHHON 3a1aun Oy/1eM HCTIOIb30BaTh
TIPUHIMI BapUAIIMOHHOTO UCUHCIICHHS ¢ MeToIoM Penes-Puria.

KaroueBble c10Ba: MHOIOCIOMHOE OKCHCHTPHUYICCKOC KOJbLIO, NapaMETp pa3HOCTCH-
HOCTH, KDpUTHUYCCKAsA CHUJIa, MCTOJ PeHGH-PI/ITLIa, Halps’KCHUEC, TOKAa3aTClib HEJIMHEHHOCTH.
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Paccmampusaemces npoyeccel, npomexatowjue npu 0e)opmuposanuu 6 Yciousx noi-
3yuecmu MHO2O0CIOUHOU KPY2080U YUIUHOPULECKOU 000N0UKU, UMeloujee OMKIOHeHUue Om He-
KOmopot udeanvholi popmei. Paccmampueas npoyecc meuenus npu 3a0anHoll cucmeme Ha-
2PY30K U KpUmuieckoe 8pems, cCOOmMEemcmeyowds nomepu yCmouiueocmu, onpeoensiemcs u3
yenogus: obpawenus 6 beckoneuHocms ckopocmeil 0egpopmuposanus. Oyenueaemcs eruaHue
MHO20CTOUHOCMU 000NIOUKY HA Kpumuyeckue 3navenus napamempos. Ilpuseoen npumep pac-
uema.

KaioueBble ci10Ba: noi3y4ecTb, MHOTOCIOHHAsE 000JI04Ka, TIOTEPs YCTOHYMBOCTH MPH
MOJI3Y4ECTH, O00O0JIOYEUYHBIE CTPYKTYpPbI, KBa3HCTaTHYECKas HEYCTOWYMBOCTb, KpPHUTHUUECKAs
BpEMs, MaTEMAaTUYCCKas MOJCIIb, BapI/IaHI/IOHHI:Jﬁ TMPUHIUII, HECYIas CHOCO6HOCTB.

B crartbe [1] conepxamuii 0630p 3a mociennee S50 jet, MPUBOASITCS HC-
CJIEZIOBAHUH TI0 MOTEPH YCTOHYMBOCTU KPYIJIBIX HUIMHIPUYECKUX 000JIOUEK,
cepuueckux 0000Y€K, YACTUYHBbIE LMIMHAPUYECKHE OOOJOYKU M Jpyrue
000JI0YKH, pPACCMATPUBAIOTCS B IOTIOJIHEHUE K KPUTEPHSIM ITOTEPH yCTOUIHBO-
CTH IIPH MOJ3y4ecTH. BrimyunBaHue nonapasiensercs Ha JIBa TUIA B 3aBHCH-
MOCTH OT XapakTepa HarpyXeHHs U KOHCTPYKTHBHBIX MapaMETPOB OOOJIOUKH.
OpvH u3 HUX - OTEpsl YCTOMYMBOCTH IIPHU IMOJI3YYECTH U3-3a KBa3UCTATHUYE-
CKOM HEYyCTOWYMBOCTH, IIPU KOTOPOH KPUTHUYECKOE BPEMS IIOTEPHU YCTOMUHUBO-
CTH IIPU IOJI3YYECTH OIPEAEIAETCS IIyTEM OTCIEKUBAHUS 3aBUCHUMOCTH JIE-
(dbopmanmu Moa3ydecTu OT BpeMeHHU. Jlpyras moTepsi yCTOWYMBOCTH MPH T1OJI-
3y4eCcTH M3-3a KUHETUYECKOH HEeCTaOMJIBbHOCTH, MPU KOTOPOH KPUTHYECKOE
BpeMsI MOJKHO OTPEAETIUTh, UCCIeays (OPMY IMOITHOM MOTEHIUAIBHONW SHEPTUN
B OKPECTHOCTH KBA3UCTaTUYECKOI'O COCTOSIHMSI paBHOBecHs. budypkanuonHoe
MPOAOJIbHOE U3rHOaHNE M BHITYYMBAHUE TPU MOJ3YYECTH OTHOCHTCS BBIITYYH-
BaHUE M3-3a 3alleJKUBaHus Ipu Jegopmanuu noiasydectu. Xohpd N.J. u apy-
rue [2] oOCyXaanu mpoaosIbHOe M3TMOAHUE CTEPKHS M IUIACTUHBI MIPH OCe-
BOM MJIM IIOCKOM CXaThd. OH CpPaBHWJI 1Ba KPUTHMYECKUX MOMeHTa. OquH U3
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HUX OBLIT MOJIyY€H KBAa3UCTaTUYECKUM METOJIOM, B KOTOPOM KPUTUYECKOE Bpe-
Ml OTIpENIENISIETCSl KaK BpeMsi, KOT1a CKOPOCTh IONEPEYHOT0 MM BHE TNIOCKOTO
OTKJIOHEHHMsI, MPUHUMAEMOI'0 B KauyeCTBE HA4aJbHOro Je(eKTa, CTAaHOBUTCS
O6eckoHeuHOM. B ipyroe ObUI0 OTYYEHO M3 SHEPTeTUUECKOTO METO/1a, B KOTO-
POM KPHUTHYECKOE BpeMs OMpEeaeTcss Kak BpeMs, KOI/a IMoIepeyHas WUiu
OTKJIOHEHUS] OT IIOCKOCTH BO3HHMKAIOT B J1€()OPMHPOBAHHOM B OCEBOM Ha-
MPaBJICHUN CTEp)KHE WJIM IUIACTUHE, Ae(POPMHUPOBAHHOM B IUIOCKOCTH. DTOT
METOJ M3HAYaJIbHO ObLI IIPEIIOKEHO 1O.H.PabotHOBBEIM u
C.A.lllectepuxoBbiM [3]. Xodd N.J. [4] oOHApYXMII, UTO KWHETHYECKasI HEYC-
TOWYHBOCTH, CYZsl IO PHEPTETHUECKOMY METOy OOecIeYrBaeT ropasao ooee
KOHCEPBATHUBHOE KPUTHUYECKOE BpEMs, 4YeM KBa3HCTATUYECKash HEYCTOWYH-
BOCTb, OIICHEHHAsI KBa3UCTaTHYECKUM METOIOM. TakuM 0Opa3oM OH HpHUIIes K
BBIBOJlY, YTO KPUTHUYECKOE BpEMS, MOIYYECHHOE C MOMOIIbIO SHEPTeTUYECKOTO
MeToJ1a, Oecrone3Ho s OOJBIIMHCTBA MPAKTUYECKUX 1ened. SAmamoto [5]
Takke 1nokasai 3(h(HeKTUBHOCTh KBA3UCTATHUECKOIO METO/1a 10 MOTepU YCTOM-
YUBOCTH TPHU IMOJ3YYECTH, YTO OH MOXET MPOJOJIKATh CTAOMIBHO IedOopMHU-
poBaThcs u3-3a 3G (deKTa Mmo3ydectu nocie 0udypKamMoOHHOTO BBIITYYHBaHHUS.
B pa6ortax [6-8] u [9,10] paccmaTpuBaIuch MOTEPU YCTOMUMBOCTH MPHU IOJ-
3y4eCTH KPYTJIBIX LMIMHIpPHUYECKass 00O0JI0UEK M TMOJOTMX apoK MpPU OCEBOM
C)KaTHH U TOJ| IEHCTBHEM PACHpPEICICHHON 10 BHEIIHEMY ITOBEPXHOCTH HOP-
MaJbHOIO JJABJICHHUS.

Teopernueckue u SKCIIEPUMEHTAIBHBIC UCCIIEAOBAHUS MO PAacUeTy MoTe-
pY YCTOMYMBOCTH MHOTOCJIOWHOW JJIMHHOW KPYIJIOW ITMJIMHAPUYECKON 000-
JIOYKH TIOJ BHEIIHUM JIaBICHUEM JUI U3YYEHHSI BO3MOXKHOCTH TOTEPH YCTOM-
YUBOCTU MPU MOJ3YYECTH MPOBOIATCS C LENbI0 AJs MpEeACKa3aHus KpUTHYe-
CKOTO BPEMEHH IIPU BBICOKHX TEMIIEpaTypax ¢ Ko (UIIMEHTOB 3araca npoy-
HOCTH TIO HAarpy3Ke WJIM K 3araca MPOYHOCTH MO BPEMEHHU 10 CPaBHEHUIO C
IKCIIEPUMEHTAILHBIMH JJAHHBIMHU.

bouto obHapykeHo, 4TO MpenioKeHHass MOJeb 00ecreunBaeT KOHCep-
BaTHBHBIC KPUTHYECKHE BPEMEHA BO BCEX CIy4asX M JOCTATOYHO TOYHBIA B
cilydae TOHKUX oOostouek [12-14].

IMocTanoBka 3agaum U MeTo] peieHusi. COOTHOIICHHS TOI3Yy4ECTH
JUIsE GOJIBIIMHCTBA KOHCTPYKIIMOHHBIX MAaTEpHUAaJIOB SIBJISAIOTCS HEJIMHEHHBIMHU.
3amayda 1Mo ompeAeseHuIo HanpsikeHHO-IeGopmupoBanHoro coctosiHus (HJC)
B DJIEMEHTaX KOHCTPYKLUHUU MpPU MOJI3YUYECTH C y4€TOM IeOMETPHUUECKON Heu-
HEHHOCTH, U3TOTOBIICHHBIX U3 KOMIIO3UTOB U Pa3IMYHBIX HEITUHEHHO-YIIPYTUX
MaTEepUajIoB U COETMHEHHBIE MEXKAY COOOM MOCPEICTBOM MOJTHOTO CLETICHUS,
ABIISICTCS MAaTEMAaTUYECKH CIOXKHOM. 3a/aya sBIseTCs ABaKIbl HETMHEHHBIM U
ObIBaeT HEOOXOJIMMBIM HCCIIEIOBAHMS PELICHUN HEIMHEWHBIX KPAaeBbIX 3aJad
pa3pbiBHBIME KO3 dunmentamu. [TosTomy paspadbarbiBatoTcs MpUOIMKEHHbIE
METO/IbI, IJIS 3a/1a4 MEXaHUKHU Ae(POPMUPYEMBIX Cpell MPEANOYTEeHHE OTIaeTCs
BapHALMOHHBIM METO/AaM IpPU CTPEMJICHHUH TOJIyYUTh pelieHue B BHIE (op-
MyJ, @ TAaK)K€ YUCIEHHBIM METOAAaM C WILIIOCTpalueld pe3ylbTaToB B BUIE TA0-
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nuir 1 rpadukoB. B mpemnokeHHo padoTe o0a NMETOIbl COBMEMIAIOTCS.
[IpuMepoM C0KHOU 3aa4d YCTOMYMBOCTH IIPU MOJ3Y4YECTH CIIYKUT 3a/ada
00 yCTOWYMBOCTHU MOJOTON apKu U 000JI0UYEK, HarpyKEHHbIE PaclpeIeIeHHbIM
JTABJICHUEM, B KOTOPBIX OOHAPY>KUBAIOTCS MOTEPU YCTOMUYMUBOCTU C BHE3AIMHBIM
ckaukoM [8], [9]. ABTropamu ctaTbu [10] AJist reTepOreHHBIX CpPel B TpEXMep-
HOM TIOCTaHOBKE JJISl TIpoIecca MOM3y4ecTd cPopMyTUpOBaHA BapUAIIMOHHAS
teopeMa. DyHKIMOHAJ, OMUCHIBAIOIIMKA Tporiecc AedopMaluu Npu MoI3yye-
CTH BCETO MHOTOKOMIIOHEHTHOTO TeJla, TOCTPOCHA MOAM(UKAIIUECH CMETIaHHO-
ro BapualMoHHOTo npuHumna [11].

[Tycth OeckoHEUHAsi MHOTOCIOWHAS KPYroBasi IWIMHAPUIECKas 0001049-
Ka paguyca R u tonumHoi 2h coctout u3 s cioes, Toraa o0o3Havas TONIUHY
gepes Ok k-ro cios. O61acTh MOMEPEYHOr0 CeueHUs: 000JIOUKHU C JUCKPETHBIMH
CIIOSIMHU, MEX]Ty COCEIHUMU CIIOSIMU KOTOPOTO CYIIECTBYIOT KECTKHE CLEIICHUH,

k
Oyzmem pa30uBaTh HA MHTEPBAIBI UHTETPHPOBAHHUS [ak :_h+Z§j , A, =3 +0, ],
j=0
rue 00=0.
[Ipu cienaHHBIX MPEANOIOKECHUSIX MTHOBEHHYIO YIPYrou nedopmamuu
JUTSL COHJIBUY [TAKETa MPUHUMAEM HEIMHEHHO YIPYTUM CJISIYIONIEro BUIa

o o
8“:E 1+ —
o

k+1 k+1

., [n=246...] (1)

3aBucuMocTh (1) IOCTaTOYHO XOPOIIO ANMPOKCUMUPYIOT YIPYroe je-
(GbopMUPOBaHHH KOMITO3UTOB, APMHUPOBAHHBIX KOMIIO3UTOB, ATOMHUHHUEBBIX
CIUIaBOB U T.JA. 3[I€Ch U Jlajiee UCIONb3YIOTCS OOIIEPUHAThIE 0003HAUEHUU B
MEXaHHKE CIUIONMIHBIX Cpefd Juisi (PU3UYEeCKUX BEIMYWH, Tak 4TO Eysq MOmyNb
VIPYTOCTH H 0 k+13HAYCHHE HAIPSIKSHHHA B MOMEHT BOSHUKHOBEHHS 1e(opMa-
LMY OJI3YyYECTH, B MaTepHalie COOTBETCTBYIOIETO CIIO4.

AHanuTHYECKUEe BhIpaKEHUE JUIsl 3aKOHA YIIPOYHEHHS MIPH MOJI3Y4eCTH,B
BHJIC 3aBUCHUMOCTH CKOPOCTH JehOpMaIlii MOJBYYECTH OT HAMPSIKEHUS BbI-
Oupaercs cTerneHHou [15]

p=B0" ()

M 3TO aMIPOKCUMALIMs ISl HAaYaJbHBIX YYaCTKOB JIA€T Y/IOBJIETBOPHUTEIIbHbBIC
pe3ynbTaThl. 37eCh BEJWYUHBI Byiy ¥ m MOCTOSHHBIE Marepuala, KOTOpbIe
OTIpeNeNIAI0TCS U3 dKcrepuMenTa. B gopmyre (2) u manee Toukoil Hal Benu-
YiMHaMH 0003HaYaeM MPOU3BOJHYIO 110 BPEMEHH WUJIU MO0 JHOOOMY MOHOTOHHO
M3MEHSIOLIEMYCS TapaMeTpy, XapakTepu3ylemMy npoiecc aedopMarim.

B Buay neszaBucumoctu HJIC oT mpomoiabHON KOOpAWMHATHI B IUJIMHIPHU-
YEeCKOH crcTeMe KOOpIuHAT ¢ yueToM runote3sl Kupxroda-JIssa ¢pynkunonan
npuBeIeHHbIN B padote [10], mpuHUMaeT B
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27 5] a,,

-R [ Y Byy j go™drde
0 k=0 a,

B cuity TOHKOCTEHHOCTH 00OJ0YKH IIPUMEM 3aKOH paclpelesieHus HOpMalb-
HOr0 MEMOPAHHOTO HAIIPSHKEHUS 110 TOJIIIUHE JIMHEHHBIM
o= qr N 3Mr (4)
2h  2h’
JlAs pelieHus 3ajaud BapUALlMOHHBIM METOJOM C COYETaHHEM HPUOIMKEHHO-
ro Meroza Purna anmpokcuMupyronye GyHKIUH Ul Iporubda U nrudaromie-

o MOMCHTA 3aJaJuM B BUJIC

w=a,(t)+a(t)coslo, M =b(t)cosl@ %)
B ciencTBuu 3aK0HA INIOCKUX CEUCHUU
E=E, v (6)

re. Uil HEeJIWHEHHBIX TOHKOCTEHHBIX 000J0YeK JHHeHHas nedopmanus u
KpUBU3HA ONPEEISIFOTCS PopMyIaMu
; =w+1(aw)2 go LW
* R R*\06)° R* 06°
[ToacraBus 3aBucumoctu (1), (2), (4), (5), (6) 1 ux TPOU3BOAHBIC 10 BpEMEHHU t
B popmyiy (3), nonyqaeM

2r .
J= inggl\/ldajr dr——ngdejdr——jM dez [ridr-
2h3 4h k=0Ek+1 &

9(+DR Zcin(_qrej”“ (s) ZfMZMidesgln“]wdr_ (7)
i 0

3
- 0
2h K=0Byy (0k+1 &

m . m-j I og L s-1 B
_3R Cr%](_qRJ [3] JMMJdeszH f ritlgr

3
2h 0 k=0 a,

[Tocne unTerpupoBanus
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240 2,42 3 2 L
jo_al’a qel™a® 9RDyeb”  9(n+1)Rb yc) qR 5 Cipb' @iy~ (g
R 2 G sh® 5 o )

mo j
3Rb cif- qR c]+1b q)
S 2h 2

rac NMpHUHATHI 0003HaYECHU U

2 2
¢, = [cos?16-d, ¢, = [sin®16-d6,
0 0

2r . 2r .
Ciy = J cos''16-d6, Cjp1 = JcosJJrl 16-d6o
0

W3 ycioBust CTalMOHAPHOCTH (YHKLMOHAJA MOIydaeTcsl cucreMa AByX AHG-
(epeHaTbHbIX YPAaBHEHH. KOTOPOE HECIO0KHBIM MaTeMaTH4eCKUM Ipeo0-
pa3oBaHUEM HNPUBOAUTCS K OAHOMY JU(EepeHIMaTIbHOMY YPABHEHUIO, pa3-
pEIIEHHON OTHOCHTENBHO MPOU3BOIHONW. BBOAsI 6e3pa3MepHbIe TepeMEeHHbIE 1
BEJIMYHMHBI

a m q R
=—,7=BE"t, o=—, E=—
=y By E c=1
Elq)z _ E1n+1q)i+| _ q)1+1 _
h3 _(02’ hi+1 - ¢i+1> B hHl ¢j+1

noiyynM TudepeHIaIbHyl0 YPaBHEHHIO, CBA3BIBAIONIYIO0 Oe3pa3MepHYyIo
BpEeMEHH OT Oe3pa3MepHOro mnporuda, mapameTpoM KOTOPOTO sBIsieTcss 0e3-
pa3MepHasi Harpy3ka o.

9 n+1 n+ n+ 3 i i
—c,I’ +—2§ 0,0 ( P ) ‘o 123 CiCin @i
dT 2 i=0 (9)

+
n
m+2 j j j
231 CanCj+177 : ¢j+1
i=0

dn m+
77 2m+1 ¢ ‘o z3jcn11 J+177 ¢J+1

2m+l

HuddepennnansHoe ypaBHEHHE, ¢ HaYalbHBIM YCIOBHEM JUIsl TIPOrubda
coctaBuT 3anauy Komm. Onpenenum HauvanbHbIM yciaoBUEM JUIsl 3aJla4d BbI-
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My4MBaHUS OOOJOYKU MPHU MOJI3ydecTu OyleT 3HaueHue mporuda, BO3ZHUKAIO-
11asi HEMEJICHHO TOCJe MPUJIOKEHUS pacipeieIeHHON HOpMabHOM Harpys-
KH, COOTBETCTBYIOIIEE PEIICHUIO HEJIMHEUHO-YIIPYro 3a1a4u. Y CTOMYUBOCTH
MPU MOJ3Y4ECTH MMEET CMBICI, KOTJa JIEUCTBYIOIIAsl Harpy3Ka MEHbIIE KpH-
TUYECKOH, onpeaesieMasi U3 pelieHHs] HEJTMHEUHO-yIPYyron 3a1auu.
BapuaunonHnoe ypaBHeHue Ajs ynpyroi 3agauu. [Ipeanonaraem, uto
JeCTBYIOIAs PAaBHOMEPHO pacHpe/esieHHas [0 MOBEPXHOCTH CHKUMAOIIAs
Harpyska ( 110 3HAaYCHHIO MCHbIIC KPUTHYCCKOM SUIICPOBOM CHIBI . , T.C.

q<qy - B 2TOM ciydae 000sI0uKa B pE3yJIbTaTe MIHOBEHHO-YIPYTO# nedop-

Malyy TOJ| HAarpy3KOH ¢ MPHHUMAeT HOBOE IOJIOKEHUE. DTO TOJIOKCHHE
JIOJDKHO OBITh YCTOWYMBBIM, B IPOTUBHOM CIIy4ae TEPSETCs YCTOWYUBOCTD IS
3TOTO 3JIEMEHTa KOHCTPYKLHMH B Ipefesax YNpPYrocTd, 0e3 BO3HHKHOBEHHS
nepopmanuu non3ydectd. Cpeny KHHEMAaTHYECKUX BO3MOJKHBIX ITOJIOXKEHHI
000JI0YKH HEYCTOHYMBOMY COOTBETCTBYET TO COCTOSIHUE B IPE/ENax YIpyroc-
TH, TIPU KOTOPOM (PYHKIIMOHAI
h L \2 s a., i 2
-RJ| 0'8+120{8W] drde—ﬁjﬂikja +n+1)| 2| fdrdo+R Jwde (19)
0-h 2R 20 2 4 k=0Eks1 gl(()ﬂ 0

IIPUHUMAET CTallMOHApHOEe 3HaueHue. byneMm anmpokcuMupoBaTh NpOrud u
M3ruOaloNIMii MOMEHT TI0 TOW e MOJIE, YTO U MpHU Moi3ydecTu (5), HO C aM-
IUIUTYaMH 3aBHCALIME OT [TapaMeTpa Harpy3KH.

w=a,((q))+a((g))cos/8, M =b(q)cos’@ (11)

SIBJIeHUM MTOTEPH YCTOMUYMBOCTHU C BbIIyYMBaHHEM OOOJIOUKU IPU YIPY-

TOCTH MPOUCXOUT TOT' 1A, KOT/Ia HAarpy3Ka JOCTUTAaeT KPUTHUECKOE 3HAYCHHUE U

OCTalOTCs MPU 3TOM HEU3MEHHBIM. Pacnpenenenue HanpspKeHUs 1O TOJIIMHE

00omouyKky npuHuMaeM B Buze (4). AuddepenunupoBanue HampspkeHUH B mpe-

JiefaX yInpyrocTd IPOU3BOAMM IO OTHOUIEHHHM MOHOTOHHO H3MEHSIOLIEHCS
Harpyske g, TakK 4To

Rg | 3Mr dq

o=——+ . TIe {=—-1-1, HTaKuM oOpa3oM
2h ' 2n’ 9= g P
R 3Mr
TP (12)

U3 yCJIOBUS CTAllMOHAPHOCTH (PYHKIMOHAJA, COOTBETCTBYIOIIEE MOTEPH YIPY-
roil yCTOMYMBOCTU C BBIIYYMBAHHEM IOJIy4aeTcs cienyromiee nuddepeHiu-
aJIbHOE ypaBHEHHE B 0e3pa3MEpHBIX BETMYUHAX

o 9n+1 n+3 . n+ : i i
do —n? +4§3(/)2a)+(2n+2)§ ‘o 123 cic n'e.,
o= X0 E o) (13)
s n+ n+l n+
77 _Tg 77 2 2n+2 { 30) 23 Cnc|+177 (p|+1 2n+1 g 3(0 23 CnC|+z77 (p|+2
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W3 ycnoBus paBeHCTBA YUCIUTENS B HOJb, MIOJIy4aeM 3HAUYEHUU KPUTH-
YECKOU Harpy3KH.

IIpumep pacyera KOHKpeTHOH 3amaum. Haumbonee yacTto BCTpeuaro-
IEMCsl Ha MPAKTUKE HECOBEPIICHCTBOM KPYTOBBIX 000JIOUYEK SIBJISIETCS €€ Ha-
YalibHas SJUIMITUYHOCTh. J[Is pelieHus: KOHKPETHOW 3alayd HadajibHOE OT-
KIIOHCHHE CPEAMHHON JTMHUHM OT OKPYKHOCTHU MPUHUMACTCSI IPONOPIIUOHATb-
HBIM KOCHHYCHI IBOMHOTO mosisiproro yris (1=2) [15].

[Ipenmonoxum, 9T0 B TPEXCIONHONW 000JOYKE JUIEBLIC CIOU HM3TOTOB-
JIEHBI U3 OJTHOTO Marepuaia, ¢ OJJMHAKOBOM TOJIIMHOM, Toraa E1=Es, B1=Bs,
8,=03, 01°=03" . JUIsl YHCIICHHOTO PEAIH3aliy PEIICHNUS 3a1a91 C COCTABICHH-
eM TaOJUIbl U MOCTPOCHUEM XapaKTEPHBIX TIpaUKOB BBEIEM CIEIYIOIIHE
0e3pa3MepHbIC BETMIMHBI

E=R/h, 0=E; /Ey, p=8,/ 81, y= 6:%/03" , = B,/B1 u k= E1/ 0.".

Jlnst 5THX BenmuuuH npuanMaeM £=20, p= 2, y= 01%/03° 1 A=3.

VYpasuenue (13) pemaercs uncieHHo, metogoM Pynre-Kyrra, npuHumMas
JUTSL HAa4alIbHOTO Oe3pa3MepHOro OTKJIOHEHUs 3HadeHue 1y=0,1. Pemenuro ym-
pyroii 3a1a4u Oy/1eT COOTBETCTBOBATH YUCIIO

n(0)=0,1273. (14)
3amaua Komm nst ypaBaenus (9)- (14) pemaercst merogom Pynre-Kyrra most
pa3IUYHBIX 3HaUeHUN Oe3pa3MepHbIX mapamerpoB. s 3HaueHui O6e3pa3zmep-
HOM KPUTHYECKON BpPEMEHHU, COOTBETCTBYIOIIEE MOMEHTA MOTEPU YCTOMYUBOC-
TH C BBIITyYMBaHUEM, Oy/IeM UMETh:

I[Ipun=2,m=5 g1 pu=2wuo0=y=1,75 kpurndeckas Bpems OyaeT T—3,92. 10*:
n=2,m=5map=1uo=y=1 KpuTHUeckas Bpems OyaeT rkr=3,42.104:
[Ipu n =4, m =5 nns p =2 u o=y=1,75 kputHueckas Bpems OyJeT T—3,15. 10°%:

n=4,m=5 1 p=1uo=y=1  kpuruueckas Bpems Oyner = 2,0. 10°:
[Ipu n=6 , m =5 mna p =2 u 0=y=1,75 xpuTHYeCcKas BpeMs OyaeT Ty,=342:
n=6,m=5 1 pn =1 uo=y=1 KpuTHYecKast Bpemst 0yaeT Ti,—=300.
[Ipu BBIOpaHHBIX 3HaUEHUSAX Oe3pa3MEpPHBIX MapaMeTPOB IO pe3ysbTaTaM Io-
JIYYEHHBIX PEHICHUN 3aKII0YaeM, 4YTO OHO XOPOLIO COTJIACYETCs C pe3yibTara-
MH TEOPETHYECKUX M IKCIIEPUMEHTAIBHBIX padoT [1,7,14].
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PAYLANMIS YUKUN TOSiRINDON COXLAYLI NAZIiK QALINLIQLI
ORTUYUN SURUNCOKLIK HALINDA QABARMASI

Y.SEVDIMALIYEV
XULASO

Mogqaloado baslangic elliptik eksenstritetli nazikdivarli ¢oxlayli dairovi uzun silindrik
ortiikden ibarat konstruksiya elementinin paylanmis yiik tesirinden siiriincaklik (creep) defor-
masiyasi prosesindo gabarmasi masolasi todqiq olunur.Silindrik ortiiylin geyri-xotti elastiki
materialdan hazirlandig1, deformasiyanin handasi geyri-xatti olmasi va siiriincaklik ganununun
gorginliyin qiivvot funksiyast kimi approksimasiya olundugu hallara baxilir. Masalonin fiziki
vo hondasi qgeyri-xatti miinasibatlorlo ifads olunan riyazi modeli qurulur. Hsll qarisiq
variyasiya prinsipinin ¢oxlayli sendvic tipli ortiiklor liclin qurulmus modifikasiyasi vo toqribi
odadi tisullarin birlikds totbiqi ilo hall edilir. Konkret bir moasalo iigiin adadi hallor alinir vo
elementin yiikdagima qabiliyyotinin béhran zaman resursu toyin olunur.

Acar sozlar: Striincoklik, coxlayli ortiik, siiriincoklik prosesindo qabarma, bdhran
zaman miiddati, ortiik konstruksiyalar, riyazi model, variyasiya prinsipi.
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BUCKLING OF A MULTILAYER THIN-WALLED SHELL DURING CREEP UNDER
THE ACTION OF A DISTRIBUTED LOAD

Yu.SEVDIMALIYEV
SUMMARY

The processes occurring during deformation under creep conditions of a multilayer
circular cylindrical shell deviating from a certain ideal shape are considered. Considering the
flow process for a given system of loads and the critical time corresponding to the loss of
stability, is determined from the condition that the deformation rates go to infinity. The
influence of the multilayer shell on the critical values of the parameters is estimated. An
example of calculation is given.

Keywords: creep, multilayer shell, creep buckling, shell structures, quasi-static
instability, critical time, mathematical model, variational principle, bearing capacity.
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OZLU ELASTIKI SIXILMAYAN MAYENIN YARIM SONSUZ OZLU
ELASTIKIi, DOYiISON EN KOSIKLI BORUDA DOYUNON AXINI
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Isda ozlii elastiki sixilmayan mayenin yarim sonsuz ozlii elastiki, en kasiyi dayison
olan boruda pulsasiyalr axini dyranilir. Masalonin halli Sturm-Luivil tonliyi iiciin sinqulyar
sarhad masalasina gotirilir. Sada halda mayenin reologiyasimin dalga xarakteristkalarmnin
tasiri oyranilib.

Acar sozlar: dalga, 6zIi maye, elastiki boru, dalga siiroti, sonma.

Indiki zamanda miixtolif fiziki xarakterli mayelorin dalga horokotlorinin
tasviri ilo bagl riyazi fizika masalslarine ¢ox diqqat yetirilir. Bu maraq yalniz
bu mosalolarin totbiqi vacibliyino deyil, hom do klassik riyazi fizikada analoji
olmayan yeni noazori vo riyazi torkibino do baglidir. Burada hidromexanikanin
aktual masalolori arasinda deformasiya olunan borularda maye axininin tadqiqi
¢ox vacibdir.

Bu ifado texnika vo canli orqanizmlordo mayenin dasinma sistemindo
genis yayilmasi ilo tosdiglonir (boru komori nogliyyati, hemodinamika). Belo
mosaloalori hall edorkon, borunun boslugunda onun dinamikasinin {izorino ho-
rokot adon mayenin tosirini nozars alaraq, borunun horakat tonliyi yazilir [1, 2,
3,5, 6,7, 8]. Bu todqiqatlarin koklori L.Eyler, Gromeko, Y.Jukovskinin asor-
lorinda qoyulub. Bununla yanasi, mayenin 6zli elastik xiisusiyyatlori vo boru
materialinin daralmast kimi bir sira ¢ox vacib amillor kifayot godor todqiq
olunmayib. Bir6l¢iilii xotti tonliklors osaslanaraq, elastik boru i¢orisinds 6zl
elastik mayenin pulsasiyali axininin mosolosi {i¢iin daralmanin tosiri nozoro
alinaraq analitik hall olunmusdur. Burada deformasiya olunan boruya daxil
olan mayenin dalga axini1 nozordon kegirilir. Istifado olunan sistemin riyazi
modeli, sixilmayan 6zlii elastik mayenin harakatinin tonliyi ilo kosilmozlik ton-
liyi vo en kosiyi doyison izotrop xotti 6zIi elastik boru {igiin dinamika tonliyi
ilo tosvir olunur. Mosalonin holli Sturm-Luivil tonliyi iiglin sinqulyar mose-
lasino gotirilir.
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1. Moasalonin qoyulusu
Tutaq ki, R=R(X) yarim sonsuz en kasiyi dayison olan borudur vo h- qa-
lhgidir, burada R(x) monoton azalan Vx e [0, o) funksiyadir, x ise uzununa

olan koordinatdir. Bir6lgiilii hidroelastiklik tonliklorinin sistemi kosilmozlik
tonliklorindon [1,4]

d ow
—(u)+L—=0 1.1
Ew (Su) g (1.1)
impuls tonliyi
ou_d
= (=p+oO 1.2
P T (=p+o0) (1.2)
vo xotti 6zlii elastiklik ticlin olan borunun horokot tonliyindon ibaratdir
n 0’w
= E'w=p.h 1.3
P R*(X) P ot’ (1-3)

(1.3) tonliyini yazarkon, boru nazik divarli olub vo otraf miihito sort barki-
dilmisdir. Noticode boru ox boyunca horokat eda bilmir. ideal va dzlii Nyuton
mayesinin hidrodinamikasinin klassik tosvirlari uzun makromolekulyar birlos-
molari olan butov muhit axinini tosvir edorkon gobuledilmozdir. Bu fakt bir cox
texnoloji proseslor ii¢lin birinci doracali shomiyyoto malikdir ki, kolloid moh-
lullar1, suspenziyalar, emulsiyalar vo s. bura daxildir. Bunun ii¢iin, yuxarida
gostarilon tonliklorin olagelondirilmasi ii¢lin, mayenin reoloji miinasibatlorini
yaziriq vo onu xotti 6zlii elastiki gobul edirik.
! d s d

lj:[l(l+ﬂj atj o 27711'_[1(1+9J E)tJe (1.4)
(1.1)-(1.4) tonliklords u(x,t) mayenin axin siirati, W(X,t)- borunun divarlarinin
radial yerdoyismasi, p(x,t) hidrodinamik tozyiq, o(x,t)- gorginlik, p vo p.-
maye vo borunun materialinin sixhigi, e(x,t)- deformasiyanin siirati, S = 7ZR*-
en kosiyin sahosi, L =27R(X)- borunun c¢evrosinin uzunlugu, 77- mayenin

dinamik ozliiliik omsalidir. A4; vo @, relaksasiya vo retardasiyan1 xarakterizo

edir. (1.3)-do E" - irsi tipli operatordur[5].
|
E'=E(-T"). Iwxt) = [Tt-nw(x,7)dz

burada E- elastiklik moduludur, T'"- relaksasiya operatorudur, I'(t—7)-
relaksasiyanin forq niivasidir. (1.3) agiq formada belo yazilir

h E{W(x,t)— jr(t —r)w(x,r)dr} (1.5)

P R

(1.4)-do € =0du/0dx barabarliyini nazars alsaq, o belo yazilacaq
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at | ox
R(x) funksiyast R(X)=R_g(x) kimi yazilir, funksiya g(X) ikinci tortib dife-
rensiallanandir. Sonsuzlugda boru daimi R_ en kosiyino malikdir.
Buradan alariq ki,

(1+/1 i)0'=277H(1+l9 i)a—u (1.6)
j=1 ot j

limg(x) =1 (1.7)

Eyni zamanda
limg’(x)=0, 1limg”(x)=0, (1.8)

strixlor x koordinatina goro diferensiallanmani bildirir. Misal {i¢iin bu
funksiyan1 asagidaki kimi gOstormok olar

g(x)=1+e” (B>0), (1.9)
hanst ki borunun uzunluguna goro konus formasinda daraldigini gostorir. O
zaman (1.5) vo (1.6) nozors alaraq ndvbati qapali tonliklor sistemini aliriq:

2g(x)u+ 2 a—W=

A T R.g(x) at o
p= Ri(:]’( )E[w(x,t)—l l"(t—r)w(x,z')er (1.12)
}i(mz]%—f) 277]](‘33( 0, g:;t] (1.13)

Qeyd edok ki, dalga proseslorindo hidroelastiki tonliklorin xottilogsmosi
‘u : C_l‘ << 1 barabarsizliyin oldugu miiddatcs etibarlidir.

u <<1,
C
c-dalganin kompleks yayilma stirotidir (biitiin zamanlar {i¢iin). Kinematik ke-
cirmomazlik sortindon 6zlii elastiklik nozoriyyasinin tonliklorinin xottilogmasi
alinir.
2. Siirat amplitudasi ii¢iin diferensial tonliyin ¢ixarisi

(1.10)-(1.13) xiisusi toromolor ilo olan tonliklor sistemini adi diferensial
tonliklar sisteminin hallina gatirak.

Harmonik analiz dalga proseslorino xas olan muraokkob impulslar tosvir
etmok li¢iin istifado olunur, yoni murokkob formada olan impulslar Furye si-
ras1 omolo gotiron sinusoidal komponentloro ayrilirlar. Sistemin xattilosmo vo
bircinsliyi sayasindo hor bir harmonikanin ke¢masi izlonilir vo hor hansi bir
noqtodo impulsun formasini miioyyon etmok {i¢lin verilmis koordinata uygun
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komponentlor comlonir. Belaliklo, riyaziyyatin shomiyyati sirf sinusoidal rogs-
lorin dyronilmasidir. Yuxarida geyd olunan biitiin axtarilan funksiyalar1 mii-
vaqqati exp(iat) vuruguna proporsional olaraq tasvir etmayo imkan verir, bu-

rada w— verilmis haqiqi bucaq tezliyidir, i- xoyali adoddir. Buna gora, qayidan
dalgalar ii¢lin yazaq:

u=u,(x)exp(iat),

w =w, (X)exp(iat),

p = p,(x)exp(iat),

o =o0,(X)exp(iat).
Burada u,,w,, p,,0, - koordinatlarin kompleks funksiyalaridir. Ovvalca (1.12)

tonliyini yazaq. (2.1)-do 2-ci vo 3-cii diisturlarmi (1.12)- do nozors alsaq (2.2)-
ni aliriq

2.1)

|
p, =exp(iat) - E{W1 exp(iat) —w, jF(t - T)ei“dr} (2.2)

RZ9(x)
Burada t —7 = @ gobul edorak va bir sira doyisiklordon sonra (2.2)-ni asagidaki
kimi yazmaq olar.

P = (1—05)—/)*602}

Y R2Zg%(x)

burada,
o= j T(6)e " do (2.3)
0

Miimkiin relaksasiya niivolorino osason, diistiir ilo miioyyan edilon kompleks
doyar « analitik vo ya cobri olaraq miioyyon edilo bilor. Yuxaridaki kimi
(1.10), (1.11) va (1.13) tonliklorindo doyisiklordon sonra tapiriq ki:

;9% . . b
u, +2 u, +2i w, =0, i =—p/ +0 , 24
! 900 1 R_g(x) 1 awpu, p, + o, (2.4)
b,
p, =k(X)w,, 01:2ngul, 2.7)
va burada

RZG* (%)
Baxilan (2.4)-(2.7) sistemlori nazoro alindiqda u,(x) funksiyasini toyin etmok

vo uygun tonliklori almaq miimkiindiir. ©Ovvalco x-a gora (2.6) vo (2.7) ton-
liklorini diferensiallayaq. Aldigimizi (2.5)-do nozors alaraq yaziriq ki:

a= J11_11(1+ i4m), b= J_rs_11(1+ i0,w),K(x) = h{i(l—a) —p*a)z} (2.8)

277%u1”—k'w1—kwl’—ia)pul =0. (2.10)
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Goriintir ki, (2.4)-don (2.11) alinacaq

PR S LG 2.11)

Q,(X) Qz(X)
Burada Q,(x), Q,(x) funksiyalar1 bunlardir
, 9°(%) (x) . W
Q(x)= Q,(x)=2I ~

1 g’ 7 R.9(x)
Indi iss (2.11)-don W/ -i tapmaq olar va onu (2.10)-da yazaraq u, funksiyasina
nisbaton tonlik almaq olar. Vo natico olaraq aldiq ki,

G,(X)u;/+G,(X)u; +G,(x)u, =0, (2.12)
burada,
b .R_
G,(X)=2n——i—k(X)g(x), (2.13)
a 2w
6.0 =—=={(gky +kg}, (2.14)
w
G,(x)= —i{&(kg’) -+ a)p} ) (2.15)
20

3. Masalonin hallini Sturm-Luivil tonliyi ii¢iin sinqulyar sarhad
masalasing gatirilmosi
Kegok (2.12) tonliyin hallinin qurulmasina. Bunun {i¢iin Luivil ovozindon
istifado edok

1

y(X) =U, exp— J.GZ(( ))dx_u (X)) x(x), (3.1)
Buna goro do (2.12) bu ciir yazilacaq (dalga tonliyinin azaldilma formast)
y +1(x)y=0 (3.2)
I(x) invariant1 bu diistiir ilo tapilir:
2 ’
0= LG | 1[G (3.3)
G, 4|¢G, 2( G,

(1.7) vo (1.8)-0 osaslanaraq asagidaki boraborliyi aliriq
: E
)1(22 k(X) = h{E(I - 0() - p*wz } .

o

b .R_h
= 1- NG
By g

IimG,(x) =0, limG,(X)=-iap.

Buradan aydindir ki,

O zaman, yaza bilorik ki,

80



lim 1 (x) = — \op =5 (3.4)
b 'R""h{ E (l—a)—p*a)z}

2n—-1 R

a 2w
(3.4) dispersiya tonliyini hoqiqi vo xayali hissalora bolorok asagidakini aliriq:
o’ =My — ;. 3.5)
(3.5) qisadilmis tonlikds olan geydlor bunlardir:
_ wpm,
wpm,

Hy
My =21
m, = ReE,

a

m, :ng,

R.h| E
m, =-27m, + 5o {R—i(l—a)—p*a)z}.

Buradan iso kompleks adadlordon kvadrat kokii ¢ixartmaq qaydasi ilo 0 aliriq

+uy, . |w—
5=%JW2”“4JW2%}, v =t + i1

Daha sonra iso Jm o < 0 olan kokii istifads edilocok. Aydimdir ki,

5=6,-is,,
5, = /WJ;”O, 5 = /%

Nozors alsaq ki

I(Xx
a0 =1-+ (3.6)
(3.2)-don masalenin diferensial tonliyini aliriq:
Yy +38%y =8%q(x)y. (3.7)

Kompleks ((x) potensial funksiyasina inteqrallanma sarti totbiq olunur [1]
j|q(x)|dx < oo, (3.8)
0

(3.6) diisturuna osason alinan funksiya g(x) (1.9) ilo birlikds (3.8) sortini tomin

edir.
Daha sonra hollin qurulmasi ti¢iin (3.6) tonliyino asagidaki sorhod sortlorini
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olava edak
y(0)=Y,,
limy(x)=0. (3.9)

Y, -1n hesablanmas: sistemin foaliyystindon asilidir (borunun en kosiyindo olan

forqli sorhod sortlori). (3.9) sorti axtarilan sortin mohdudlugunu gostorir. Belo-
liklo, alinan hidroelastiklik mosalosi (3.7), (3.9), (3.10) Sturm-Luivil sinqulyar
sorhod mosalosinin hollino gatirildi.
4.Ekvivalent inteqral toanliyinin ¢ixarisi va onun holli
Sturm-Luivil sarhad masalasinin hallini inteqral tonliyin hoallins gatirok. Nozara
alaq ki, bircins tonliyin
Yy +0°y=0 4.1)

asagidaki fundamental hollor sistemi vardir

y, =e™%,

Y, = e'™.
(4.1)-0 sag torofi 5°q(X)y kimi molum olan bircins olmayan tonlik kimi baxi-

lir, sarbast daimi adodlor {igiin variasiya metodunu istifado edorak, (3.7), (3.9),
(3.10) masalonin hallini ekvivalent inteqral tonliying saliriq

Y(x~8) = Ce ™ + 8 [ sin 87— ¥)a(7)y(7,~6)d7, (4.2)

o miisbat x oxu istigamatindo gayidan dalgani tosvir edir. C- inteqral sabitidir.
(4.2) tonliyin bir tok y(x,—&) halli var vo o, ham¢inin sonsuzluqda serhad
sortini tomin edorak (3.7) tonliyindo hallidir.

lim y(x,—9) =0 (4.3)

(4.2) tonliyi Volter tipli tonlikdir vo onu ardicil yaxinlagsmalar metodu ilo holl
etmok olar.

Y, (X,—0) = C exp(—i ) 4.4)

You (X,—0) =Ce™* + 5_[ sin 8(n — x)q(1)y, (17,-6)dn
JmJ < 0 olduguna gora
|y, (x,-6) < [Clexp(Im&)x|.

Induksiya metodu ilo

(4.5)

1Y, (X=6) - Y., (=) <[Clem %
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B, ) =61 laemldn
O zaman X
B, () =81 [laemidn <[] [la00jex = B, (0) < 4
borabarsizliyindan aliriq X 0

|yn(X 5) ynl(X 5)|

Fikirimizi tamamlamaq ti¢lin
|sin on— X)| < exp|— Jmo(r — X)| (=Xx)
barabarsizliyini gotiirtiriik, n=1 olanda yaziriq ki

3, (=8) = Yy (=8| (]3] fe ™10 lqle®™ iy =

B; 0
=

= |C||5|e(1m5)x j|Q(ﬂ)|dﬂ _ |C|e(lm5)x B, (X)

Tutaq ki, (4.5) n=m olanda da diizdiir. Onun diizglinliiylinii n=m+1 olanda
isbat edok. Onda

|ym+1 (X,—5) ~Yu (Xa_§)| < |5|'[Sll’l 5(T - X)|ym (777_5) ~ Y (77,-5)”0](7])|d7] <

|C| (m&)xw m _ |C| (Imé)xpm 3 mameH(X)
< T [BS enfelaenlan = et B a8, o) =[cle LN

Nazars alsaq ki,
Yo (X,—8)| < |C|exp(Im&)x <
(4.5) ila natica olaraq tapiriq ki,

Yo(X=8)+ 3 ¥, (X=6) =¥, (-0} .5)

sirast yaxinlagan miisbot sayli sira ilo  [0,+ o) intervalda listnliiyii toskil edir

B; (0
|C|§; :(0)

Veyerstrass asasinda x € [0,+o0) 1izro barabar yaxinlagir. Buradan aydindir ki,

onun y(x,—8) comi (4.2) tonliyinin hallidir. (4.6) sirasinin S, (X) comi {iglin
yaziriq ki,

S, (X) = Yo (X=8) + X Y, (X=8) = ¥, (X~} = ¥, (x,=F),
k=1
Onda,
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y(X,—0)=1imS (X) =limy, (X,—9).
N—o0 N—oco
(4.4)-do n — o olanda limit haddins kegondo, aliriq ki,

Y(x,~8) = Ce ™ + & sin 57 - ¥)d(7)y (7.~6)d 7y (4.7)

Belalikla, y(x,—8) funksiyasi (4.2) tonliyin hallidir. Yuxaridaki hesablamalar,
ancaq Y,(X,—0) yaxinlasmasinda diizgiindiir. Bundan bagqa

ly(x=0)| <|ys (=) + 3|y, (=) — ¥, , (x=0)| <

< |C| exp(Imd)x + |C| exp(Im 5)X2@ <

< |C| exp(Imd)x + |C| exp(Im 5)sz =
n=1 .
= |C|{exp(lm 8)x + exp[Im(8)x + B, (0) [}
borabarsizliyindon aliriq ki,
lim y(x,—9) =0
Nozoro alsaq ki, (4.7) boraborliyi dogrudur, onda inteqral isarasi ilo diferen-
siallana bilor. Buradan aliriq ki,

=3

Y (x,~6) =—ide ™ — 5 [cos (17— X)a(7)y (17,~6)d7 (4.8)

Analoji olaraq (4.8)-do diferensiallayaraq alarq:

oo

Y'(x=8) ==67Ce™* =& [sin 617 = ¥)a(1)y(7,~8)d7 + 5> 4(X) Y (X.~6)

(4.7)-ni nazaro alaraq
y'(X,=0) = 6°A(X)y(x,~0) ~ & 2{Cei5‘ + 8| sin 87 = )q(7)y(7,-8)d 77} =

= 67q(X)Y(X,~0) = 87 y(x,~F)
vaya
y'(X,=0)+ 6 y(x,~6) = 5*a(x)y(x.~9),
Yoni y(x,—0) funksiyasi (3.7) tonliyin hollidir.
C- odadini tapmagq iiglin onu elo segcmok lazimdir ki, o (3.9) sorhod
sortlorini tomin etsin. Buna gors do (4.2) tonliyi ligiin asagidaki inteqral tonliyi

yazaq
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f(x,-8)=e"*+ §Tsin S(n—x)q(n)y(z,~o)dn (4.9)

f (x,—0) -n1 onun halli kimi geyd edirik vo sonar C-ni tapiriq:

__ Yo (4.10)
f (09_5)
funksiya
f (x,—0)
y(X, 5) - yO f(O,—5)
(3.7), (3.9), (3.10) Sturm-Luivil sorhod masalasinin hallidir.
5. Analitik hallin qurulmasi
Ardicil yaxinlasmalar metodu osasinda (4.9) tonliyinin holli asagidaki kimi
yazilir

f(x=0) =3 8"f, (x~0). .1)

burada, "
f,(x,—0)=e"* (5.2)
f,(x=8) = [sin 81 —x)am f,., (7.-6)dn (n=1,2,...)

(2.4)-(2.7) diisturlart ils cari koordinatlardan u, w, p, o funsiyalarini tapiriq.
Nozors alaq ki,

F(X) = 1 f(x-9)
x(x) £(0,-9)
onda,
u=y,F(X)exp(iat) (5.3)
iR, |1 , , .
W=y, 7{5 gOF () +9 (X)F(X)}exp(lai) (5.4)
iR , , .

P =Yok(x) Ia;" {%Q(X)F (X)+9 (X)F(X)}eXp(lwt) (5.5)
o= 2y077§ F'(x)exp(iat). (5.6)

Borunun en kosiyinds sorhad sorti kimi maye siirotinin, yerdoyismosini, tozyi-
qini vo 6zl elastik garginliyini yazmaq ii¢lin pulsasiya edon tozyiqi toyin edok
p(0,t) = p, exp(ict), (5.7)
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P, - verilmis empirik vahiddir. (5.7) vo (5.5) miiqayiso etsok,
w

iR, k(O){; g(0)F’(0)+g’(0)F (0)}
va (5.3)-(5.6) diisturlarindan alariq:

Yo = Py

i F(x) .
u(x.) =—p, expliat).
R.k(0) ;g<O>F’(O> +g(0)F(0)
) ;g<x)F'<x)+g’(x>F<x)
W(X,t) = —2 | exp(iat), (5.8)
k() S 9OF )+ g'OF )
1
Lg0F 0 + g 0F ()
p(x,t) = p, k) 2 expliat),
k(0) 1 , ,
SIOFO+g OF )
b F'(x) .
o(X,t)=-2Ip,n— exp(lat).
aR.kO) ;gm)F’«» +(0)F(0)

Analoji olaraq borunun en kosiyindo sorhad sorti kimi pulyasiya edon maye
sorfi verilib

Q=Q,exp(iat),
burada

Q(X,1)=S(X)u(x,t)

_ Q. 1
R29(0) F(0)

onda,

Yo

Buradan iso

u(x,t) —L@ex

= R2g0) F(o) TP

_ IQ() l ’ ’ .
w(x,t) = R (O)F(0) {2 gOF () +g (X)F(X)}GXP(WI) (3.9)
. k(X) l ’ ’ ;
p(x, 1) =1Q, R_ag’ (0)F(0) {2 gOOF () +g (X)F(X)}exp(lﬁd),
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_ n__bFX .
o(x,t)=2Q, R2%0) 2 F(0) exp(iat) .

(5.8) vo (5.9) distiirlar1 hoqiqi hissolori tosvir edirik vo bizim missal hall
edilmis hesab olunur.

6. 9dadi misal
Asagidaki niimunays baxaq. Burada ¢ =0, R=R_ =R, g(x)=1 oldu-
guna gora (2.13)-(2.15) diistlirlarina osason, yaziriq ki,

G,:ZUR—iik, G,=0, G,=-lwp,
a 2w

k :h{%—p*a)z},

) =1, q(x)=0.
Indi iso f(0,-8) =1 olduguna goro , f(x,—5), f’(x,—0) vo F(x) funksiyalar
belo yazila bilorlor

Homg¢inin

f(x,—0)=e"*,
f'(x,~0) =—ie™™,
F(x)= f(x,—6)=e™*,
Beloliklo, masolonin holli asanlasir vo (5.8) sayasindo bu formada yazilir

() =2p, §—— ! expli(at - &),
Rh{—p*wz}

RZ

1
W(X:t) =Py E
|

p(x,t) = p, expli(at — &)],
iw

E_
R Y

exp[l(wt - &)] >

G
Reod

n

expli(at - &)], ¢, =

2

b
o) =4pn-
Rh{

\'&

u(x,t) = %exp[i(a)t - )],

w(x,t) = 23‘;? gexp[i(a)t — 5)()],
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h{Rz_ Jo X0, } s
p(x.t)=Q, Tzexp[m - X)),

o(x,t) =-2iQ, 27ZR%5gexp[i(aI —-&)].

Burada axtarilan funsiyalarin amplitudlan {¢iin Eyler diistiiruna asasen, yaza
bilorik ki,

2p,0 1 P
u= : . = o (6
Rh{l_f2 — p*a)z} \/502 +0/ h{s2 — p*a)z}
ol = 4pg)—z———yfm +m?
Rh{z—p*a)z}
R

\/52 +67, (6.2)

|p|: Po>

W=

=2
E
| Qoh{_

5 p*af}
[pl=—— A+,

lo1=2Q, L5 J(Gm, ~gm)" +(&m, +5im,).

Relaksasiya olan zamandan asili olaraq, yuxaridak: diistiirlar1 da axta-
rilan funksiyalarin hesablanmasinda, dalganin siiroti ¢=w/J, vo &, son-
molarinin tapilmasi tigiin istifado etmok olar.

Birinci hal w =s+1. (y=1,5=0) a=1+idw, b=1 miihitli modellor
ligiin, burada A - relaksasiyanin gorginlik zamanidir. Burada m, vo m,
1 Aw

m=—_—— m=————

Y1+ le T 1+ 20
Ikinci hal y=s=1. Burada iso a=1+ilw, b=1+i6w, vo

yuxaridakilar bunlarla ovoz olunur
1+ w’é
m=———>, m -
1+ e’ ? l+/12 i oD

burada &£=6/4, 0 - retardasiyanin zamanidi. y =s =0 olduqda iso ozlii

Nyuton mayesinin modelini aldo edirik.

Nozordon kegirilmis mayelorin geyri-Nyuton xiisusiyyatlorinin toyini
ticlin eksperiment aparaq, onlarin asililiqlarn1 gostorok. Asagidaki parametrlor
verilib:

E=4-10°dN/sm?, p=1q/sm’, p, =1q/sm’, R =1,2sm, h=0,2sm,
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Q, =120sm’/san, ®=2x san™',x=10sm, 7 =5q/sm-san, 7 =14
Hesablamalar gostorir ki, gobul edilmis modelin heor iki variantinda dalga
siiratinin yayilmasi, demok olar ki, Avo & asili deyil, vo ¢=577 sm/san —dir.

1 va 2 gokillorde sonmo amsallarinin asililiq qrafiklart verilib.

25,
204

154

10

Sak. 2. S6nmo amsalinin f —
Sok. 1. S6nmo omsalinin A- dan asililigt .
dan asililig1.

3 vo 4 sokillorde 6zlii gorginlik amplitudast vo A4,& arasinda sistemin 1-ci vo
2-ci funksional rejiminds olan asililiq verilib.

6,5-

.10
5,51 2

4,54
3,51
T~ 2,5

1,5

C
e

0,4 0,8 12 16 2
Sak. 4. Ozl gorginlik

amplitudasinin f -dan asililigy,
(A1=9).

Miigayisa tliglin m, =1,m, =0 olanda roqomli niimunalor gatirok, bu da
bir Nyuton mayesinin modelins uygun golir: ¢=577 sm/san, &, =107°1/sm.
oldugda 1-ci rejim iigiin o =0.26dN /sm* 2-ci rejim iigiin iso o =2,89dN /sm’.

Sok. 3. Ozlii gorginlik
amplitudasinin A -dan asililigy
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NOTIiCO

e modelin birinci sinfi tiglin, sénma amsal1 ikinci sinifden 2 sira daha kigikdir;
e ikinci rejimdo 6zli gorginlik amplitutdas: & asili olaraq artir

e birinci rejimda 6zlii gorginlik amplitutdas1 A asili olaraq azalir
e mayenin qeyri-nyuton xiisusiyyatlori ikinci sinif modeli istifado edorkon
0zlinii daha ¢ox biiruzs verir.

Ortiik daxilinde mayenin harokati zaman1 dalgalarin oxa qeyri-simmetrik
yayilmasi halinda ortiikdo yayilan vo burulgan dalgalarin siiroti arasindaki forq
yaranmis dal@alarin sayinin miixtalif qiymatlorinds ¢ox ciizidir. Bu zaman hor
iki dalganin siirati hocmdoki gabarciglarin miqdar artdigca, demok olar ki, {ist-
iisto diisiir.

Ortiik daxilindo mayenin oxa qeyri-simmetrik dalgavari horokoti zamani
mayenin sixliginin doyismosi ortiikkdo yayilan dalgalarin tezliyino tosir etmir,
stirat iso sixligin artamst ilo 10,9% azalir. Sixligin doyismosi burulgan dalgala-
rin tezliyine tosir etmir, siirati 10,8% azalir. Mayeds yayilan dalgalarin stiroti
sixligin artmast ilo orta hesabla 6% azalir.
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BSI3KOE TEUEHME BSI3KOM YIIPYT'OM HEC)KUMAEMOM KUJKOCTHU
B HOJIYBECKOHEYHOM BSI3KOM YIIPYT'OM TPYBE NEPEMEHHOI'O CEUEHUS

K.P.PATUMOBA, A.5.AJIUEB

PE3IOME

B pabote nccenyercs myIbCHpYIOIIee TeUSHHE BI3KO-YIPYTOH HECKUMAEMON KHIKO-
CTH B MOIYOCCKOHEUHOW BSA3KO-YIIPYToil TpyOKe IMepeMeHHOr0 KPYroBoro ceueHus. Pemenne
3a/1a4d CBOAMTCS K PELICHUIO CUHTYJIIPHOU KkpaeBol 3anauu Itypma-JInysuinns. B npocreid-
IIeM CJIy4ae BBISBICHO BIMSHHUE PEOJIOTHH KHUJKOCTH Ha BOJIHOBBIE XapaKTEPUCTHUKH.

KiaroueBble ciioBa: BOJIHA, BA3KasA XUIAKOCTb, yIpyras pr6Ka, CKOpPOCTH BOJIHBI, 3aTYy-
XaHHUC.
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VISCOUS FLOW OF VISCOUS ELASTIC INCOMPRESSIBLE FLUID
IN A SEMI-INFINITE VISCOUS ELASTIC, VARIABLE CROSS-SECTIONAL TUBE

K.R.RAHIMOVA, A.B.ALIYEV
SUMMARY
The impulsive stream of the none-pressable liquid in the half-infinite viscous-elastic
pipe with variable profile is investigated. The solution of the problem is reduced to the solution
of the singular boundary Sturm-Luivill problem. In one simple case the influence of the

reology of the liquid on the wave characteristics.

Keywords: wave, viscous liquid, elastic tube, velocity of the waves, attenuation.
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Ne2 Fizika-riyaziyyat elmlari seriyasi 2021

FiZiKA
PACS 68.65. Cd, 73.50. Bk

BPEMS PEJIAKCAIIUU ITPU MEK30HHOM U BHYTPU30HHOM
PACCESHHNMU SJIEKTPOHOB ITPOBOJANMOCTHU HA ®OHOHAX
B CBEPXPEHIETKAX B CHJIbHOM MAT'HUTHOM ITOJIE

C.P.OUTAPOBA, MM.MAXMY OB
bakunckuii I'ocyoapcmeennwtit Ynueepcumem
mehdimahmudov@bsu.edu.az

B pabome eviuucnsemca epema peaakcayuu npu paccesHuy d1eKmponHos8 npogooUMO-
CMU HA AKYCMUYecKux U NOJAPHLIX ONMUYECKUX (QOHOHAX 6 C8EPXPeuemKax 8 CUIbHOM Mae-
HUmHoM noae. HM3yyena 6eposmHocmb 6HYMPUZOHHO20 U MENUC3OHHO20 PACCesAHUs. Y CcmaHos-
JIeHO, YMO NpU pacCesHUU HA aKyCMUYecKux POHOHAX 8 CUNLHOM MASHUMHOM NOJe NPesau-
Dpyiom 6HYmMpU30HHblE NEPexoobl, 8 Mo 8PeMsa KaK Npu paccesnuu Ha NOJAPHLIX ONTMUYEcKUX
@ononax - medxncsonnvie. [lokaszano, umo epemsa penaxcayuy npoROPYUOHANLHO NIOMHOCIU
COCMOSIHUL, KOMOPAs 3a6UCUM Ol MASHUMHO20 NOJIAL.

KaioueBble cjioBa: BpeMsl pellaKCalliy, CBEPXPEIIETKA, BHYTPH30HHOE M MEX30HHOE
paccestHne, TNIOTHOCTh COCTOSIHUIA.

JUI1 MHTEHCUBHOIO NPUMEHEHHs JEKTPOHHBIX CHUCTEM MOHMKEHHOM
pa3MEepHOCTH B HAHOZJIEKTPOHHUKE HEOOXOAMMO MOJIYYHTH BCEOOBEMITIONIYIO
uHbopMaLHI0 O (PU3MUECKUX XapaKTEPUCTUKAX PACCMATPUBAEMBIX CHCTEM.
Takyio uHPOPMALIMIO MOXKHO TOJTYYHUTh, UCCIEAYS JIEKTPOHHBIC SIBICHUS I1€-
peHoca B HM3KOpa3MepHbIX cucreMax. Pu3nueckue CBONCTBA KBa3UIBYMEp-
HBIX CHUCTEM CYIIECTBEHHO OTJIMYAIOTCS OT CBOWCTB OOBIYHBIX HM30TPOIHBIX
WK c1abo aHU30TPOIHBIX IMPOBOJHHUKOB. Pa3inuHble MeXaHU3MBbl paccesHus
AJIEKTPOHOB MPOBOJMMOCTH 3HAUUTENIBHO BIMSIOT HA 3JIEKTPOHHBIE SIBICHMUS
nepeHoca. [loaToMy npu ucciieoBaHUM SBJIEHUH IIEpeHOca HYKHO YUYUThIBATh
BCEBO3MO)KHBIE MEXaHU3MBbl PAcCEsIHUs HOCUTENEW Toka. B KBa3uIBYyMEpHBIX
cucTeMax aHW30TPOIMs CTPYKTYPbl U SHEPreTHUECKOro CIEKTpa 3JIEKTPOHOB
MIPOBOJIUMOCTH MPUBOJUT K OCOOCHHOCTSAM MEXaHH3MOB paccessHus. B orcyt-
CTBMM MarHMTHOTO I10JI BPEMsI PEIAaKCALUU B CBEPXPELIETKAX JOBOJIBHO XO-
poio u3ydeHo [1-4], B To BpeMsi Kak B CHJIBHOM MarHUTHOM II0JI€, KOTOpPOE
CYIIECTBEHHO BJIMAET Ha MEXaHU3MBbI paccesHUs Takux padbot Mano. CuibHOe
MarHMTHOE I10JI€ KBAHTYET JABM)KEHHUE HOCUTEJIEH TOKA U BIUSAET Ha MEXaHU3M
penakcanuu. [IposiBaeHne KBaHTOBBIX 3()()HEKTOB B HU3KOPA3MEPHBIX CUCTEMaX
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JieNlaeT UX MPUBJIEKATEIbHBIMU O0bEKTaMH JUIsl (PyH/IaMEHTAIbHBIX HCCIEO0-
BaHuii [5-9]. CBsi3aHO 3TO, B IEPBYIO OUEPE/b, CO 3HAUYUTEIBbHBIMH YCIIEXaMHU B
TEXHOJIOTUHU TIOJyYEHHUS! BHICOKOKAUECTBEHHBIX CTPYKTYp, @ TaKkKe C BO3MOXK-
HOCTBIO TPUMEHEHUHN TPAJAUIIMOHHBIX KCIICPUMEHTAIBHBIX METOJIOB, TaKUX
KaK TaJbBaHO- U TEPMOMArHUTHbIE U ONTHYECKHUE UCCIICIOBAHUS ISl U3YUCHUS
CBOWMCTB HH3KOPA3MEPHBIX JJIEKTPOHHBIX CHUCTEM. XOTS YCIEeXU B (PU3UKE
ANIEKTPOHHBIX SIBJICHHUM NEepeHoca B IBYMEPHBIX CHCTEMax BEIUKHU, 10 CHX MOP
OCTalOTCS HEPEIICHHBIE MPOOJIEMbI U BO3HUKAIOT HOBBIC, KOTOPBIC TPEOYIOT
pemenus. [loaToMy HEOOXOAMMO CTPEMHUTHCS K KOJIWYECTBEHHOMY MOHHMA-
HUIO POJIM Pa3IMYHBIX MEXaHHW3MOB pETaKCalli U BIUSHUS CHUIHHOTO, KBaH-
TYIOIIETr0 MarHUTHOTO TOJISl Ha SIBJICHUS MEPEeHOCca, UX 3aBUCHUMOCTH OT Mapa-
METPOB CTPYKTYp M BHEIIHUX YCIOBUH. VHTEpECHBI pe3ylbTaThl TEOPUU H
9KCIIEPUMEHTA, TIOJyYEHHOTO MPHU HCCIEA0BAaHUN MAarHeTONoJIeBONH 3aBUCUMO-
CTH KMHETHYECKUX KOA((UIIMEHTOB HU3KOA3MEPHBIX 3JIEKTPOHHBIX CHCTeM. B
YaCTHOCTH, YCTaHOBJIEHO, YTO B CHJILHOM IMPOJOJIBHOM U MOMNEPEYHOM Mar-
HUTHOM II0JIE BO3MOKHA CMEHA 3HaKa W OCHWJUIALUU HEKOTOPHIX KHHETHUYe-
CKUX KO3(QPHUIMEHTOB, HaNpUMep, MarHUTOCONPOTHUBIICHUS, MarHUTOTEPMO-
aac, muddepennuansHoi mpoBoaumoctu [10-12]. CnemoBaTenbHO, TOYHOE
olpesieNiecHue MEXaHU3Ma PacCesHUs UTPaeT BAXKHYIO POJb MPU CPaBHEHUU
PE3yNIbTaTOB IKCIEPUMEHTa ¢ Teopueil. Llenbio maHHOoi paboThI SIBISIETCS Ha-
XOXKICHHE BPEMEHH perlaKcalliy Py BHYTPU3OHHBIX U MEK30HHBIX IIEpexoax
MIPU pacCessHUU HOCHTENCH TOKa Ha aKyCTHYECKHX M ONTHYECKUX (POHOHAX B
CBEpXpEIIETKAaX B CUIHbHOM MAarHUTHOM TOJI€ U U3YyYUTh BIUSHUE MarHUTHOTO
MIOJISt HA ATO PacCEsiHUE.

JHepreTUYeCKUil CHEeKTP, BOJHOBasE (YHKIHUSA CBepXpelIeTOK B
CHJIbHOM MATHUTHOM T0J1€ U 0011ee BhIpa:KeHHe /ISl BpeMeHH peJiaKcannu

B cunpHOM MarHuTHOM 1none B, mapaisieibHOM OCH CBEpXpEelIeTKu Z ,
MMeEEeT MeCTO KBaHTOBaHue JlaHaay B TUIOCKOCTH CJIOsI, a y4EeT CIIUHA JJICKTPO-
Ha MPUBOJUT K 36€MaHOBCKOMY PACIICIUICHUIO YHEPreTUYECKUX YPOBHEH, IpH
3TOM 3aKOH JUCIIEPCUU JIEKTPOHOB MPOBOJAUMOCTH CBEPXPEIICTKH B MArHUT-
HOM I10JI€ UMEET BUJ:

&(N,k,,0)=(2N +1)uB+¢g,(1-cos(ak,)+ g ox,B, (1)
rie N =0,1,2,... - ocumiuisitopaoe KBanTtoBoe uuciio Jlanaay, K, - Z koMrnoneH-

Ta BOJHOBOI'O BEKTOPA, O - ONEPATOp CIIMHA C COOCTBEHHBIM 3HaYeHUEM *+1/2
, =(my/m, )i, , m,,m, - Macca CBOOOHOIO JJIEKTPOHA U €ro Macca B ILIOC-

KOCTHU CJIOSl CBEPXPEILETKH, COOTBETCTBEHHO, M, =€/ /2m,- maruetoH bopa,
E -1 272

g" - dakrop cnmHOBOro pacmieruienus, M, =g h -~ cos(ak,), m, - mpo-

J0JIbHAsE KOMIIOHEHTa A()(EKTUBHOI Macchl, £;- MOIYIIMPUHA MHUHH30HbI

CBEPXPEIIETKH, a- MOCTOSIHHAsA cBepXpemeTku. [IOTHOCTh COCTOsSIHUM PHEp-
reTudeckoro cnekrpa (1) umeer Buu:
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. a2
0s(€) = MR) 2(802 e?) —Z(ﬂR) Y sin”'(ak,), @)

0 N,o
® 1/2
snecs k, =k, (g,N,0), £, =e(N,k,,0)—(2N +1)uB—g°o,B, R, = (i/eB)"
- MarHuTHas JynHa. [IIOTHOCTB COCTOAHUIT MMeeT 0COOEHHOCTD IIpU &, = 2€,;
eciu &, > 2&,, INIOTHOCTh COCTOSIHUN HE 3aBHCUT OT SHEPIHU U IPU OOJIBLIIOM

3HayeHun (- GakTopa JIMHEHHO 3aBUCHT OT MATHUTHOTO MOJIS.

OHepreTudyecKuil CeKTp CBEPXPEIIETOK aHU30TPOIIHBIN, I0ATOMY Clle-
IyeT 0XKHJaTh, YTO BPEMsI pellaKcalluy TaKkke OyAeT aHU30TPONHbIM. M3 pador
[13,14] cnenyer, 4To A aHU3O0TPOIHOTO paccessHusl olIiee BbIpaKEHUE IS
KOMIIOHEHT TEH30pa OOpaTHOrO BPEMEHH PENaKcallMd 7 ', BHIYHCIISAETCS IO
bopmyie

1 k/
— =Y [1-"W,,, 3

rae Wik - BepOATHOCTb Te€pexo/ia 37eKTPOHA IIPOBOJUMOCTHU U3 K - cocTOsHMSA
B k’- cocrosinue, K; - KOMIIOHEHTBI BOJTHOBOTO BEKTOPA.

N3 dopmynbl (3) BUIHO, YTO MPH BHIYKCICHHH SBHOTO BBIPAKEHUS
KOMIIOHEHT TeH30pa 0OpaTHOrO0 BPEMEHHU peaKcallid U ONpEeJeeHUs UX 3a-
BHUCHMOCTEH OT KOMIIOHEHT BOJHOBOI'O BeKTOpa K HE0oOX0IuMO HCHOIb30BaTh

SIBHBIM BUJ BEPOATHOCTH TIEpexoja Wij )

BeposiTHOCTD paccessHUsI BBIYUCIISCTCS KBAHT MEXaHUYECKH 110 U3BECT-
HOI (hopmyzie:

w, :%”(j|T|i>\25(gi —¢,), @)

rae T - omepaTop mepexojaa, KOTOPBIH €ClIM OTPaHUYUTHCS HU3IIEM TOPSIKOM
TEOpUH BO3MYIIEHUSI (OOPHOBCKOE MPUOIMKEHHE) COBIIAJIACT C ONEPaTOPOM

BO3MYIICHHUS, BXOASIHUI B onieparop ['amunbrona - H , paBHbIit:

2
A=l p+A| —HsBru(xy.2),
s

2m c

rae § - onepaTrop CHuHa.

dakTHYeCcKOoe MpUMEHEHUE 3TON (popMyIibl B OOJIbIIEH CTEIICHH 3aBH-
CUT OT TOr0, Kakol mepexon usydaercs. Jljig BBIUUCIEHUS MAaTPUYHOIO 3Jie-
MeHTa B (4) HaJ0 3HATh BOJHOBBIC (PYHKIIMH AJIEKTPOHA IPOBOJAUMOCTH, COOT-
BETCTBYIOIIME PHEpreTuueckomy cnekrpy (1). s BbUMCIEHHUST MAaTPUUHOTO
3JIEeMEHTa BO3MYILEHHOTO raMuibTOHUAHA (4) HEOOXOAUMO 3HATh BOJHOBYIO
(GyHKLMIO, KOTOpasi UMEET BU:

P(F) = p(x—X,)(2)e"" y, (5)
3J1€Ch
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P(X—X,) = \/%HN(X‘RXO )exp[—%[x;x‘) )] 6)

rae H -monunom DOpmura N - mopsinka, X, =—7k, /Qm, , obycioBiena KBaH-

TOBAHUCM B MAarHuTHOM I10JIC

¢(Z)=\/ngeikza”§(2—an), (7

rae ¢(z)- BosHOBast (QYHKIMS JEKTPOHA B CBEPXPEIICTKH C OCBIO B HaIpaB-

sin(rz/a), 0<z<a
nennn Z paBHa &(Z)= , N- 4YuClIo CJOEB,
0, b<z<0
a cosar, O<a<nm/2
X=S5, = - BOJIHOBas ()YHKIMA, CBSA3aHHAs C pac-

b |e¥sine, 0<B<271

LIETJIEHUEM CIIMHA B MarHUTHOM I0JI€, a + D - mepuos cBepXpeleTky.

Bpems pesiakcanuu npu paccessHuu Ha (pOHOHAX

IIpu BeimonHeHuu ycnosut K T < 4B, MOXXHO BBECTH BpeMs pellakca-
nuu [12,13]. TloncraBnss ¢popmyibl (5-7) B (4) moaydyuM BeIpaKEHHE 11 00-
paTHOTO BPEMEHHU pellakcaluu. PaccMOTpUM paccesHue HOCHTENEH TOKa Ha
aKyCTUYECKUX W HETOJSIPHBIX ONTHYECKUX (DOHOHAX, JJISI KOTOPBIX BEpOST-
HOCTB TIepexo/ia 3JeKTPOHA MPOBOAUMOCTH U3 coctosiaust K” B cocrosinue K,
Onarogapst B3auMOJICHCTBUIO ¢ (POHOHAMU, ONPEIEIISICTCS BEIPAKEHUEM:

’ 2 + _
W (K, k)= > w(o)| | (AL (@) + A (@), (8)
. 1_1 _
rie Ak,k’(q):(Nq +E+E)5(8k,—8k Fha(Q))Op yrq - A axycTHueckux ¢o-
HOHOB C 4acToToi a(()- W (q)—lec12 JIsise HEeTIONISPHBIX ONTUYECKUX
T NMaxa) P
(GOHOHOB ¢  4YacTOTOH  @),, ©€CIM HE  YYUTHIBATH  JHCIEPCHUIO
7EX (7Y y
W,(Q)=———|— | . Jns momsipHbIx ontu4Yeckux (OHOHOB C YACTOTOU @),
NMa,
4 2,2
W3(q)=ﬂ;/e—w2(q). JIns mbe30aKyCcTHYeCKUX (OHOHOB ¢ yacTtorod @X(Q)
Kq
2
1pz
W =————— 3nece E,,E, - KOHCTAaHTBI aKyCTUYECKOTO M OIITHYECKOTO
,(Q) KZNMa)(q) 1>Eo y

notennuana aedopmanun, cooreeTctBenno, N - gynkuus [lnanka, M - mac-

ca 3JI€M€HTapHOI>'I quﬁKH, N - gucio 3JICMCHTAPHBIX AYCCK, a - IMOCTOsSHHAasA
PEIICTKH, K - OUDJICKTPHYCCKAsA IIPOHMIACMOCTh KpuCTallja. I[JISI aAKyCTHU4C-
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CKHX U HEMOJSIPHBIX ONTUYECKUX (POHOHOB IPU HE OUEHb HU3KUX TEMIIEpaTy-
pax (kornma K,T >7@) MOXXHO CUUTATh, YTO MPOLECC HOCUT YIIPYTHH XapakTep
U B apryMeHTe O - (QYHKIIMH MOXXHO TpeHeOpeub sHeprueil ¢ponona. Torma B

3THX CITy4asx IMOCJIe BBIYMUCICHUS MATPUYHBIX SJIEMEHTOB C IIOMOIIBIO BOJHO-
BOM pyHKIMH (5) MOKHO 3amHCaTh:

W (k,k’) = C1,25(8k’ - gk) > 9)
2w EK, T
rne C, = —————— - JUIi aKyCTUYECKHUX (OHOHOB, 371ECh U, - CKOPOCTh 3BYKa ,
NM 7o,
TE; i
, = - JI7Is1 HETIOJISIPHBIX ONTUYECKUX (DOHOHOB.
NMa,

VYuureiBas (9) B (3), Isi KOMIIOHEHT 0OpaTHOTO TEH30pa BPEMEHH pe-
JIaKCaluu nonqu/IM [13]:

1 < d3 1
TB(E) (2 ? (ql)eXp[_ERQQi ](Nq +1)5(€k1 —& 4 —h(oq)+
e e nar)

IIpu paccessHun Ha nedopmanonHom norennuane D(q,)=D,q, , rae

(10)

D, = hE; /2p U, , 30€Chb P - IIOTHOCTh Kpuctamia. B ¢popmyne (10) ummyinsc
¢doHOHA (|, BXOIUT TOJBKO B O - (DYHKIUIO U I03TOMY UHTEIPUPOBAHUE 110 (,

st Tg(€)- 0OpaTHOrO BPEMEHH pellaKCalliy MO MMITYJIbCcaM B KBaHTYIOLIEM
MAarHUTHOM ITOJIE JAA€ET:

1
TB(€) 5 R J.qu_qJ_D(qJ_)eXp[__RBqJ_ ](Nq +1)g(g_hvoql)+ 1)
+ ng(5+huoql)],
B 00macTu KBa3WyIpyroro paccesiHus € >hv,Pg, Tae Pg =R5', u3
(11) monyunm:
1 2

=—0D £), 12
@) h 298 (€) (12)

311ech BBelleH 3 (heKTUBHBINA KOAPPHULIIUEHT
D,=R J.qu_qLeXp(__RBqJ_JD(qj_)(qu+1)a (13)

KOTOPBIM 3aBUCUT OT TEMIIEpaTypbl U MArHUTHOrO mosyst. Takum oOpa3zom, B
KBAaHTYIOIIEM MarHUTHOM TIOJIE BPEMsl pellaKCalluy TIPU PACCESTHUH Ha aKyCTH-
YeCKUX M HEMOJSPHBIX ONTHUYECKHX (POoHOHAX OymeT oOpaTHO MPOIOPIHO-
HAJIBHO TUIOTHOCTU COCTOSIHH 3JICKTPOHOB B MAarHHUTHOM IIOJIE B pacyere Ha
onHy moa30Hy Jlanmay. 3aBUCMMOCTh BPEMEHHU PElaKCaIlliu OT SHEPTUU OIpe-
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JCIACTCA UCKIHOYUTCIIBHO IINIOTHOCTBIO COCTOHHHﬁ, o MEPE yAaJICHUA DJICK-
TpOHA OT AHA 30HBI PACCCAHUC ociabeBaeT. 3aBUCUMOCTh BPCEMCHH pCJIaKCa-
UK OT MAarHUTHOI'O IIOJIA TOXKE BXOIUT YEPE3 INIOTHOCTH COCTOSSHUM U HM-

nynsc ¢oHOHA (Q=p; (e Py ompenensercs U3 BBIPAKCHUS
k?=paz(2N +1), ps =R;') ¢ KOTOpbIM B3auMOJEHCTBYeT 3yeKTpoH. Ilpu
KaX/IOM aKT€ PacCesHHs JEKTPOH CMEIAeTCs MOMEePeK MarHUTHOTO mouisi B
Ha paccrosiaue mopsiaka Ry . s BHYTPU3OHHBIX MepexonoB N =1 B uHTErpa-
ae (13), a st Mex30HHBIX - N =3 Unterpan D, nerko Beraucisercs B o6ac-
TH  uHAynupoBaHHoro K, T >>7Ay,p; ¥ CIOHTAaHHOTO  PacCesHHs
K, T << hu,v,Pg -

[Ipu mHAyHMpOBaHHOM paccestHuH, koraa 7v,q<K,T (v, - ckopocTb

3BYyKa, (] - BOJIHOBOW BEKTOp (OHOHA),

2
D,(T.B)= KT EL (14)
PV,
I1pu cioHTaHHOM paccesHu, koraa 7v,q =K, T ,
27 hE;
D,(T,B)= —72[ L. (15)
Rs vop

OKOHUATENBHO, MPH KBa3HYIPYrOM PAaCCESHUH AJICKTPOHOB MPOBOJIU-
MOCTH Ha aKycThieckux (oHoHax (€ >7v,/Ry) 1s BpeMeHH penakcaluu Ha

aKyCTHYECKUX (POHOHAX MPU BHYTPU3OHHBIX M MEXK30HHBIX MEPEX0Jax MMEeM

[14]:
1 2
()., =7”D]gs<e>, (16)

- 2r
(TB1 o 7 D3gB(8)’ (17)

[Ipu paccessHuu Ha aKyCTUYECKUX (DOHOHAX OTHOLIEHUE BHYTPU30HHO-
IO BPEMEHH peJaKCalluyi K MEX30HHOMY PaBHO:
T a
= (18)
7, Rg

M3

MoO>KHO TOKa3aTh, 4TO JUIsl TOCTOSIHHOW cBepxpemeTkd 10 NM B moyisix MEHb-
me 7 T Bpemsi pelakcalyy Mpu BHYTPU3OHHBIX Mepexoiax OyAeT MEHBIIE,
YeM MPU MEXK30HHBIX C JAJbHEUIIMM POCTOM MAarHUTHOTO ToJist ipu B o 772
OHU CTAHOBSATCS OJTHOTO MOPSIKA, B CUJIbHBIX MATHUTHBIX MOJSX Oonbiie 7 17
BHYTPU30HHOE paccesiHue npeBaiupyet (puc.l).
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10 T T

0 ] ]
0 5 10 15
B, Tn
Puc.1. 3aBUCHUMOCTb OTHOIIICHHE BHYTPU30HHOTO BPEMEHH PEIAKCAIINN K MEK30HHOMY OT

MarHMTHOTO MOJIS: & - IPU PacCesHUN Ha aKyCTHYeCKUX (OHOHAX;
b - mpu paccessHun Ha MONAPHBIX onTHYeCKUX hoHOHAX (& =10 Hwm).

[ToncraBnss (14) u (15) B (16), 18 BHYTPU30HHOIO paccesHuUs IOJy-
YHUM, COOTBETCTBEHHO:
IIPY UHIYLIHPOBAHHOM PaCCEsSHUU

(T;)gs =A0z(8),

27k, TE;
rae A = > », @ IPH CIIOHTaHHOM pacCesiHun
hpv,
(z-gl)(ﬁ = AlelgB(g)’
3/2 2
rae A _(QoE .
PY,

Crienyer OTMETHUTh, YTO €CITM MHAYKIMS MAarHUTHOTO 1oJisi OyJer joc-
TaTOYHO BCJIMKa IJIs1 TOIO, 4TOOBI U nepexoabl MCXKAYy IOA30HaAMU J'[aHnay B
Ipolecce paccestHus ObLIM MOJABICHBI, TO HIMEET MECTO TOJIBKO BHYTPH30HHOE

3
paccestaue. Eciu cunrats U, =5-10"m/c, To B 0051aCTH a30THBIX TEMIIEPATYp B

CHJIBHBIX MarHuTHBIX Nojsix A0 30 77 npeobiasaeT MHAYHUPOBAHHOE pacces-
HUE.

Hcxons u3 popmynsl (8), 1 yduTsiBasi BepakeHus st W(Q) mpu pac-
CeSTHUM Ha MOJISIPHBIX ONTUYECKHX (DOHOHAX M HA MbE30aKYCTHUYECKUX (POHO-
Hax I BPEMEHH pelaKCallly MOTyYHM:

IIPY BHYTPU30HHOM pacCesiHUU

Rza
73, = B
( B )(;3 AZ Z

9s(€), (19)
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a IIpyu MEK30HHOM pacCCCIHUU
2

(). = A2 g ), (20)

27’ ,

Z=ak,, A=—T%_
e £ =8 A= N 1)

, N, - dynxuus pacnpenenenus GoHOHOB
[Inanka.

[Tpu paccessHUM Ha MOJSPHBIX ONTUYECKUX (DOHOHAX OTHOIICHUE BHYT-
PU30HHOTO BPEMEHH pellaKcallud K MEK30HHOMY OyAeT TPOTHUBOIOJIOKHO
AHAJIOTUYHOMY JUTS aKyCTHYECKHX (DOHOHOB M PaBHO:

T Rg

o =8 1)
7. a

M3
Crnenyer OTMETUTh, YTO MPHU PACCESTHUM Ha ONTHYECKUX (POHOHAX pac-
cestHUue OyJeT HEYNpYrMM M BpeMs pellakCallud NpU HU3KUX TemIlepaTypax
MOKHO BBECTH TOJIBKO, KOTJIJa UMEET MECTO TOJIBKO IIPOLECC ¢ MOIIOLICHUEM
¢donona. braronaps 3ToMy mporeccy NpOUCXOIHUT PeTaKcaus Mo UMITYJIbCY, a
SHEPIUs HE MEHSETCS, IIPU ITOM € << 1), .

U3 puc.1 cinemxyert, 9To B ciIydae paccesHUsI IEKTPOHOB IPOBOIUMOCTH
Ha ONTHUYECKUX (POHOHAX 3aBUCHMOCTh BPEMEHHU pellaKCallid OT MAarHUTHOTO
HOJIsI CWJIbHEE, YeM B CIIy4ae pacCesiHHs Ha aKyCTHYECKHX (DOHOHAX, OJTHAKO
IPU 3TOM DPACCESHUH B CPABHHUTEIBHO CJIA0BIX MArHUTHBIX MOJSIX IpeBa-
JHUPYIOT BHYTPU30HHBIE NEPEXO/Ibl, B TO BPeMS KaK B CBEPXCHJIBHBIX MarHUT-
HBIX TOJSAX - MEX30HHBIE. TOT (pakT, yTO Bpems pelaKcaluyd BHYTPHU30HHBIX
MepeX0/I0B 3HAYNUTEILHO NMPEBOCXOIUT YaCTOTY MEK30HHBIX IPH ONTHYECKUX
MepPexo0/Iax COrNIacyeTcs ¢ pe3yiabTaraMu padoTsl [15].

AHaTUTHYECKUE BBIPAKEHHS U BPEMEHH PEJIaKCalliH, yJOOHbIEe MpH
BBIUUCIICHUM KHHETUYECKUX KOA(P(PHUIMEHTOB, yIAIOCh MOJYyYUTh B MPHOIH-
KEHUH JUIMHHOBOJHOBBIX (DOHOHOB M HCIONB3YsS TOT (AKT, YTO B CBEpX-
pemerkax m, >>m,. OTMETUM, YTO MarHUTHOE II0JIE€ YMEHBINACT CTEIEHb
YIIPYTOCTH pacCesHUS.

Bpems penakcaluu uMeeT o0ILyto cTpykTypy 7 o<W (£)g(€), uro co-
OTBETCTBYET 30510TOMY IpaBuily @epmu. B nanHoi paboTe cliMHOBOE paciiern-
JICHWE YYHMTBHIBATOCH TOJIBKO Yepe3 IUIOTHOCTh COCTOSIHMH, B TO BpeMs Kak
KBaHTOBaHME JlaHIay M CTPYKTypa CBEPXPEIIETKH 4Yepe3 IUIOTHOCTh COCTOS-
HUH ¥ BEPOSITHOCTB TIEPEXO/Ia.

3akiaiouyenue. B paboTte m3ydaercs BAMSHHE BHYTPHU3OHHBIX M MEXK-
30HHBIX MEPEXOJ0B HAa BpEMs pEJIaKCalluM CBEPXPEHIETOK C KOCHHYCOU-
JaTbHBIM 3aKOHOM JMCHEPCUH TPU PacCesHUM HOCUTENECH TOKa Ha aKyCTH-
YEeCKUX M MOJSIPHBIX ONTUYECKUX (OHOHAX B CHIIBHBIX MAarHUTHBIX ITOJISX.
[Tokazano, 4to 0oOpaTHOE BpeMs peJaKCalMy MPOMOPIHOHAIBHO TUIOTHOCTH
COCTOSIHMH, CYIIECTBEHHO 3aBUCSIIECH OT MarHUTHOTO mnois. [ToxydeHo, 4ro B
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noysix 10 7 T mpu paccesHMM Ha aKyCTHYeCKHMX (POHOHAX OCHOBHOM BKJIA[
JAI0T MEK30HHBIE MEPEXObl, B TO BpeMs KakK MPH PACCESTHUHM Ha MOJSPHBIX
ONITHYECKUX (DOHOHAX B MPEAEIBHO CHIIBHBIX MarHUTHBIX IOJISIX UMEET MECTO
00paTHBI APPEKT - MEK30HHBIE TIEPEXO/IbI MPEBATUPYIOT, CTAHOBATCS OoJiee
3HAYNTEILHBIMU.

10.

11.

12.

13.

14.

15.
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GUCLU MAQNIT SAHOSINDO iFRATQOFOSLORDO KECIRICILIK
ELEKTRONLARININ FONONLARDAN ZONAARASI VO ZONADAXILI
SOPILMOSi ZAMANI RELAKSASiYA MUDDOTI

S.R.FIQAROVA, M.M.MAHMUDOV
XULASO

Isdo giiclii magnit sahosinds olan ifratqoafaslorda kegiricilik elektronlarinin akustik vo
polyar-optik fononlardan sopilmasi zamani relaksasiya miiddsti hesablanmigdsr. Zonaarasi va
zonadaxili sapilmanin ehtimali yronilmisdir. Tapilmigdir ki, giiclii maqnit sahasinde akustik
fononlardan sopilms zamani zonalardaxili sopilms istiinliik toskil etdiyi halda, polyar-optik
fononlardan sopilmo zamani zonalararasi sopilmo stiinliikk toskil edir. Gostorilmigdir ki,
relaksasiya miiddati maqnit sahosinden asili olan hal sixlig1 funksiyasina miitonasibdir.

Acar sozlor: relaksasiya miiddoti, ifratqofos, zonaarasi vo zonadaxili sopilmo, hal
sixlig1.

RELAXATION TIME FOR INTERBAND AND INTRABAND SCATTERING
OF CONDUCTION ELECTRONS BY PHONONS IN SUPERLATTICES
IN A STRONG MAGNETIC FIELD

S.R. FIGAROVA, MM.MAHMUDOV
SUMMARY

In the paper, the relaxation time of conduction electrons for the scattering on acoustic
and polar optical phonons in superlattices in a strong magnetic field is calculated. Has been
studied the probability of intraband and interband scattering. It was found that in a strong
magnetic field for scattering by acoustic phonons, intraband transitions prevail, while in
scattering by polar optical phonons, interband transitions prevail. It is shown that the relaxation
time is proportional to the density of states, which depends on the magnetic field.

Keywords: relaxation time, superlattice, intraband and interband scattering, density of
states.
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Paseuma meopus xackaonozo mMiOOHHO-OMONHOL0 JUBHS 8 KPUCANNAX C YUEMOM JU-
HeUHOU noaApusayuy Y -Keanmos u npoOoibHbIX NOAAPUIAYUU MIOOHOS. Hccneooeana (hynk-

yus pacnpedeﬂeHuﬂ JIUBHEBBIX }/-KBCZHWZOG 8 zasucumocmu om Zﬂy6qul Ux NPOHUKHOBEHUAL,

dHepeUuu U CNUHOBbLX COCMOSIHUIL TUBHEBLIX uacmuy.

KiaroueBble ciioBa: BHCKTpOMaFHI/ITHLII‘/II JINBCHB, (bOTOH, MIOOH, IOJIApU3alus.

B cBsa3u ¢ mpoektupoBaHueM JeTekTopoB misi SSC-cynepkosuaiaepa
[1], a Takke c co3gaHueM B HacTosllee Bpems B paznnuHbix cTpanax (DESY,
SLAC, OUsIN, lybHa 1p) MIOOHHBIX JI€TEKTOPOB ISl U3YUYEHUs B3aUMOJIEH-
CTBHUSI BHICOKOOHEPTeTUYECKUX MIOOHOB C BEIIECTBOM BO3HUK 3HAUUTEIIbHBIN
UHTEpeC K HMCCIEAOBAHUAM HEYNPYTUX AJIEKTPOMATHUTHBIX B3aUMOACHCTBUIA
OBICTPBIX MIOOHOB C aToMaMu U siapamu [2-4]. IIpoxoxxaeHue ObICTPBIX 3aps-
KCHHBIX YaCTULl e ,e", /" BBICOKODHEPIEeTHYECKUX Y — KBAHTOB 4epe3 Bellle-
CTBO COIPOBOXAAETCSA PA3IMUYHBIMH 3JIECKTPOMArHUTHBIMU SBJICHUSMU: TaKH-
MU, KaK TOPMO3HOE H3Iy4YeHHE M (POTOPONKACHUE JICNTOHHBIX IMap, YCPEHKOB-
CKO€ U TMEPEeXOJHOE U3IY4YCHMsI, KaHAJUPOBAHUE 3apSDKEHHBIX YacTUIl U .
W3BecTHO 4TO, U MPOXOKACHUH BBICOKOIHEPTETUYECKUX (PEPMUOHOB U Y —
KBaHTOB 4epe3 BELIECTBO BCJIEACTBUE B3aMMOACHCTBHS UX C aTOMHBIMU sijipa-
MU MOTYT BO3HHUKATh 3JIEKTPOMArHUTHBIC JINBHU. DJIEKTPOMArHUTHBIC JIUBHU B
KpUCTaJlJIaX 3HaYUTENIbHO CJIOXKHEe JTUBHEH B amMop(HOM BeniecTBe. JIUBeHb B
KpHUCTaJuie 00J1a1aeT OPUEHTAIIMOHHON 3aBHCHMOCTBIO CBOMX XapaKTEPHCTUK
(pactpeneneHuii Mo MHOKECTBEHHOCTH JIMBHEBBIX YaCTHUIl, UMITYJIbCHOTO pac-
MIpeIeJICHHS YaCTHI] U T.JI.) OT yriia 0 MeXay HMMITYJIbCOM TEPBUYHON YaCTH-
bl U KpHUcTajuiorpaduyeckoit ocbto. Kpome Toro, 3T XapakTepuCTUKH CIOXK-
HBIM 00pa3oM 3aBHUCAT OT PHEPIUU YACTULIBI W CBOMCTBA KpHcTamia. Bzanmo-
JIEHCTBHUE BBICOKORHEpreTudecKkux eKTpoHoB (E>100 M»B) ¢ MmoHOKpHCTAaII-

102



JIOM TIPU OTMpPEENIEHHBIX YIiaX HOCUT KOJIJIEKTUBHBIM KOIepEeHTHBIN XapakTep,
B OTJIMYME OT B3aMMOJCHCTBHUS Ha OTAEIBHBIX LEHTpax B aMop(hHOH cpene
(mexanusm bere-I'aliTinepa). B o0nactu sHEprum 31€KTPOHOB U Y — KBAHTOB
10-1000 I'sB npu maneix yriax Bxona (0<<0.,,=V(/m) KOrepeHTHbII MeXaHU3M
UMEEeT 0COOCHHOCTh, MOJYYUBIIYI0O Ha3BaHUE IIOCTOSIHHOTO CHUJILHOTO TOJIS»
(IICII), B pe3ynbpTaTe KOTOPOM PE3KO BO3PACTAIOT CEYEHMsI BCEX IJIEKTpOMAr-
HUTHBIX TiporieccoB. CrnpasemmuBocth [ICIT mpubnuxeHus maisi pasHbIX KpH-

CTAJUIOB ompexensiercs ycuosueM: V &/ m*>>1, rue V, = Ze? /a -niar perer-

KM, MacliTad yCpeJHEHHOI0 OTeHIMata ocu( MI0CKOCTH), € U M-3apsiJi U Mac-
ca 3JIEKTPOHA, a- LAl PeIIeTKH, £ -9HEPTUU JIEKTPOHA WIIK ) — KBaHTA.

OTMeTuM, 4TO HapsAy C JIEKTPOHHBIMU JIMBHSIMU MOTYT BO3HUKATh MIO-
OHHO-(OTOHHBIC JTUBHU. B OTIHWYHE OT AJIEKTPOHOB MIOOHBI UMEIOT OOJIBIIIHE
mpoOeru B BELIECTBE U AKTUBHO YYAaCTBYIOT KaK B DJIGKTPOMArHUTHOM, TaK H
B ciaboMm B3auMmojeucTBUsX. [103TOMYy MIOOHHBIE MYYKH C YCIIEXOM MOTYT
OBITh KCIIOJB30BAHbI AJISl UCCIIEIOBAHUS CBOMCTB U CTPYKTYPHI SEP.

Hacrosimas paGota nocBAIeHa TEOPETUIECKOMY HCCIIEOBAHUIO Pa3BH-
THUSI MIOOHHO-(DOTOHHOT'O JIMBHS C Y4€TOM JIMHEHHOM MONApU3AMKA Y — KBAHTA
U CHUPAIBHOCTEH MIOOHOB, KOTOPOE MMEET MPSIMOE OTHOIICHHE K MpodiieMe
paauanMOHHON 3aIUTHl CBEPXIPOBOJSAIIMX MAarHUTHBIX CHUCTEM YCKOpUTENIEH
HOBbIX TUIIOB YHK 1 n1p.

PaccmoTpuM MI0OH (47 ) , BAETAOMINUKA B MOHOKPUCTAILT MO/ MaJIbIM Yr-
JIOM K OJIHOM M3 ero kpuctayuiorpaduueckux oceil. [lepeuriciennsle cniekrpaib-
HBIE XapaKTEPUCTUKU MMOTOKA BTOPUYHBIX YACTHUI] B TEOPUU MIOOHHO-(OTOHHBIX
JUBHEH MOJy4yaeT MpU pelIeHuu UHTErpo-auddepeHinanbHbIX ypaBHEHUH, KO-
TOpbIE Ha3bIBAIOT KAaCKaAHbIMU. Ecimu sHeprust yacTuipl OOJbIle HEKOTOPOU
KPUTUYECKOW BeIMUYMHBI € = 750/Z M5B, To oH OyneT reHepupoBarth JIMBEHb,
pa3BUTHE KOTOPOI'O OMUCHIBACTCS CIEAYIOIUMH YpaBHEHHUSIMU [6]:
POE) ZTa) (E,E’—E)[(x E’)dE’+Ta) (E,E)p(x E’)dE’—Tw (E,E")p(x, E)dE’

X pie ’ A ’ A ) , (1)
E E 0

Jor(x,E) _

oo E
o ia)y(E E’—E)p(x,E")dE —-([a)p(E E-ET(E)IE" 5

3l[er X -pacCTosIHUC OT BerHeﬁ T'paHULbl JIUBHA OO TOYKWU HCCJIICIOBAHUS.

s ynoOcTBa B najbHeHIIeM IIyOMHY MPOHUKHOBEHHS B KpPUCTALT Oyaem
-1

2
U3MepsTh B Oe3pa3sMepHbIX equHuIax t=X /R, rae R=|4 r, m N 1n(183Z‘” 3)

-TaK Ha3blBaeMas PaJMALMOHHAs JUIMHA JUIsl MIOOHA. Benmuunel p(x, E)dE u
I'(x, E)dE xapakTepu3yrOT YHCIO MIOOHOB M (DOTOHOB, UMEIOIIUX IHEPTHUIO
mexny EuE + dE ,naxonsammxcs Ha paccTostHuM X OT BEPXHEN I'PAHULBI JIMB-
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Hs, HAa KOTOPYIO IIaJlaeT IepBOHAaYaJIbHAsl YACTHLIA.

VYyer NMHENHBIX NOJAPU3aLUd TOPMO3HBIX KBAHTOB U IIPOJOJIBHBIX I10-
JsIpU3aluil MIOOHOB B KpHCTaJlJIaX IPOBOJUTCS CIEAYIOLIIMM 00pa3oM.

B kauecTBe MIOCKOCTH MOJSIPU3ALNU BbIOEpEM IIJIOCKOCTh ({, P), IAe §

-MMITYJIbC OTIAuM SApa, P -UMITYJIbC HavyaJbHOTO MIOOHA. BBenmem o0o3Have-

T .
wus do| w dO'pa,,dO'fH do ;’)Jar JUist 9GEKTUBHBIX CEYCHHUH pPOXKIEHUS

TOPMO3HBIX (POTOHOB, MOJSPU30BAHHBIX MEPHEHAUKYIIPHO U MApaJUICIbHO
wiockoctu (G, P), ¥ cedeHuil POTOPOKACHUS (L L7 -TIap ¥ — KBAHTaMH, T10-
JIAPU30BaHHBIMU NEPIEHAUKYISAPHO W IIapajieIbHO IUJIOCKOCTH IaJCHUS

(K,b,) COOTBETCTBEHHO € y4YeTOM CIIMHOBBIX COCTOSHHH MIOOHOB, Ilie K -

—

UMITYJIbC ¥ — KBaHTa, D, -HanpapieHne oHOM 13 KpUCTAIUTMYECKHX OCei[5].
(E” +E™)p +y))—2/3BE'(y; +y,) +2EEy; |

1
do' :Zaoda){

E*(E-E’)
JE+E™)Wi +y))-2/3(E* +E” —EE'(y; +y,) + 2EE'y;
e E*(E-E") }
2 72 c iy _ ’ c iy _ [ |
daLar=laodw{(E BT +y) = 23BE (s +y) - 2EEY, |
4 E*(E-E')
+éég,(Ez +E”)yi +y))-2/3(E* +E” —EE'(y; +W£)—2EE'W§} 3)
E*(E-E’)
do? = Lo der (B HEDIWT 1) +2/3EE Yy +y) - 2EEy;
T4 (E+E)’
Yy (E>+E?)y' +y/)-2/3(E* +E” + EE'(y$ +y/;)—2EE’y/;}
. (E+E’’
dor = Lo aer(E T EDWT +y) +2/3EE s +yy) +2BEY;
Pr 47" (E+E"’
Yy (E> +E) ! +yw|)-2/3(E* +E"? + EE"(y¢ +1//;)+2EE’1//;} )
T (E+E%’

m
3necy 0, = NZ°a(r,—)*, E n E’-3nauenus suepruu nagansuoro( E ) u
U
’ 4 ~
koHewyHoro( E” )mroonoB B (2) E’-—oHeprum MrooHa).z-3apsioBbIii HOMEp aTo-
MOB, [}, - KJIACCHYECKUIl pajnyC 1eKTpoHa, MU —Macchl COOTBETCTBEHHO

5JIEKTPOHA ¥ MIoOHa. DyHKIMH ¥/, ,(J) XapakTepusyroT aMop(HYI0, a ¥/, ;-

UHTEP()EPCHIIMOHHYIO YaCTH CEUYEHHUS TPOIECCOB, BBHIPAXKEHHS KOTOPBIX IMPH-
’ v

BeneHsl B [5], rne 0 = w/2EE", 6- nonsapuelil yron Mexay MMIyIbCOM Ha-
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yanbHOM wactuipl P (wm K ) u kpucrawiorpapudeckoir ocerob,. @ —
a3MMYTAJIbHBIN YroJib MEX/Y IUIOCKOCTIO majeHus (P,b, ) u kpucrammmye-

CKOMH ITOCKOCTBIO ((51 , 62) , (- >HEprHs POTOHA.

HemnocpencrBenHas mojcraHoBka BeIpaxkeHud (3)u (4) B KacKagHbIC
ypaBHeHus (1)u (2) uckiro4aeT BO3MOXKHOCTh MX AHAJUTUYECKOTO PEIICHUS,

TaK Kak GyHKuuu ¥, ,,(0,6,0) 3aBUCAT CIOKHBIM 00pa3oM He TonbKo oT E

u E’, Hom ot YIJI0B BXOXACHUS YacTUIIBI B KpucTai @ u v HeoOxomumo ne-
JIaTh YIPOIICHUS.
[Ipenmnonoxum, 4To HaYaabHOW YACTHUILEH SABJISETCS MIOOH C JHEPrUEH

E, >> 4C’, BXOaAmMIi B MOHOKPHCTALT MO YIJIOM 6 = 1Mpaj K KpHCTaio-
rpaduaeckoii ocu b . s MIOOHa HaubOIee BEPOATHbIH yrojl HCIYCKAHHS Y
KBaHTa paBeH— u/E pan. Ecim dHeprus HadaJbHOW YacTHULbI JOCTATOYHO
Benuka (E, =100 1B), To BEpOSTHBIH yroi UCILyCKaHHs ) -KBaHTOB -107 pan,
T.€. IPUMEPHO PABEH yIiy 6

JIBM>KEHUE pACCESTHHOTO MIOOHA MPOMCXOAMUT MPUMEPHO IPHU TAKOM KE
yrie Mo OTHOIIEHUI0 K UMIYJIbCY HadallbHOM yacTHIlbl. BuaHo, 4TO B 3TOM

ciyaae mockoctu (b, k) u (b, p’), rne kK u p’ - ummysnscer Gporona u pac-
CEeSTHHOTO MIOOHHA COOTBETCTBEHHO, 00pa3yroT MPUMEPHO TOT XKE YOl C KPH-
crayutorpadudeckoii mwiockoctbio (b,,0,), 9To U MIOCKOCTH MajeHusT HAYab-

Horo mMrooHa. Torjga MOXHO cenaTh CIEIYIOIME AOMYIIECHUS: YIIibl 6 U o
OyZeM cuuTaTh MPUOIM3UTEIHHO MOCTOSHHBIMU W PAaBHBIMU YTJIaM, OIpEJIe-

JSFOIIUM OPHEHTAIIMIO ITyYKa HAaYalbHBIX MIOOHOB OTHOCHTEIBHO OCH b,, u

mwiockoctu (b,,b,). Torna Gpynkuuun ¥, ,, (0,6, ) HeOOXOAMMO YCPETHHUTD 110

yriam @ u « . B atom ciiyuae GyHKImu ¥, W, ¥ I/, 3HAYUTEIHHO YIIpola-
b

OTCA U IPUHUMAIOT CJIGI[YIOH_[I/If/'I BUA:

2 exp( A19 )9,
v =) = ZI ) R ey 5)
l//3 =V /3,
B=1112"° G- y
rae BEKTOp oOpatHOU pemerku. Ilockonbky BeipaskeHue (5)

HC 3aBUCUT OT SHCPIUU MIOOHA WU TOPMO3HOI'O (I)OTOHa, BCPOATHOCTL HCITYC-
KaHus NECPICHANKYIAPHO U IapaJlJICIIbHO IMOJIAPU30BAHHBIX MATKHUX (bOTOHOB B
KpUCTAJJIC BBICOKOOHCPICTUYCCKUMHU MIOOHAMU NOCTATOYHO XOPOHIO OIIUChI-
BAacCTCA BBIPAXKCHHUEM
o = az{E2 +E” -2/3EE (1+77) ff *+E” +2EE’(lin)}’
R E2(E-FE) 3EX(E-E) ©)
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e, =+ )/(16In(18327" ), n=w" v  +') .
I[poananu3upoBaB mporecc oopa3oBaHust (L 4~ -Tiap TpH OOJBIION SHEp-
UM, MBI TIOJIYYHM CIIC/IYIOIIEE BRIPAKEHUE ISl BEPOSITHOCTH 00pa3oBaHust L1 (L~
-11ap NCPICHAMKYIIPHO U ITAPAJUICIIBHO ITOJIIPU30BAHHBIM ) -KBAaHTOM:
ol :g{Ez +E”? +2/3EE'(1¥F7n) Yy E?+E"” —2EE’(14_-77)}
’ R (E+E"? T 3(E+E’)’ O

[oncrasnsis (6) u (7) B (1) u (2), npumensist npeoOpazoBanus Jlamiaca-Men-

JIMHA, MbI IPUXOJUM K CUCTEMEC ypaBHCHHﬁI

P
ddts — _aAJ_,pal’ (S, g) gl)PsJ_,par +aB(S, §+,§_ )FSJ_,par’
dr (8)
=G (8. LRI —aD(s. £ LT

3neck kodpduuumentsr AVP(s,EE), BHP (s, E,E7),CHP (s, E,E7), D (56,8,

3aBUCAIIMEC HE TOJBKO OT IMapaMeETpa Mennuna S, HO TaKXKXC M OT IOJIApHU3alun
HadaJIbHbIX U KOHCYHbIX MIOOHOB, UMCIOT CJIGI[yIOH_II/Iﬁ BU:

ASPT(8,6,8) = AP () + SEATT(9)
B-"(5,£,8) =B ()~ 5.5 B, ™ (5)).

CM(5,6,) = G (8) 4 E5CH (5)
D" (5,6,€) = D" (5)= £, D™ (5)

1, par 1, par 1, par L,par /i _
Ko punmenTst ACTLBTL G DT =1.2) IIPUBENEHBI B [5].
Pemenus cucremsl nuddepeHnnanbHbIX ypaBHeHUH (8) UMEIOT BUJ

P.(t)=a,(s,&,E,E ) exp(=4-""t) +a,(s,&, &, fi)exp(—/ijpa’t)’
rs (t) = bl (S’ 5’ 5" gi ) eXp(_lf_, part) + b2 (Sa é:a 5’3 gi ) eXp(_ﬂé_’ part) s
AP w AP onpenensroTes BHIpaKEHUMH

A :_%\/(A— D)’ +4BC + A; b

rae GpyHkuu

A+D

A, :%\/(A— D)> +4BC +

[IpumeHnenne mMeToaa, pa3BUTOTO B [7], MO3BOJISAET HAM OMNpPEACIUTh (PYHKITUU
pacnpeeseHus 1Mo SHEPTU U TIyOuHEe TPOHUKHOBEHUS JTUBHEBBIX ) -KBAaHTOB

B MOHOKpPHUCTAJLIC:
vV 1, par GXp(Sy _/llJ_,part

s\/— 27" +1/8* > ©)

1, par)

P (E,,E )=

1, par
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rac
1 E E
t o = o I(—-1/s) y=In(—),
P (ﬂql’p ) E, ’ E,
(ﬂi_,par _ aAJ_, par )(aAJ_,par _ ﬂf_, par) /
(ﬂ; par llJ_,par )OtB 1, par

I/ICHOJ'IB3Y$I ITOCJICAHHUEC (bOpMy.]'II)I, MO>XHO BBIYMCIIMTh YHUCJIO } -KBAHTOB

Lpar _

B JIMBHE HA 3a/laHHON I1yOMHe, 00JaaoluX 3aJaHHON SHEpruel U UHTepe-
CYIOLIECH Hac nossipusanuei. B 3aBUCUMOCTH OT CIIMHOBBIX KOPPEJSALUN JIUB-
HEBBIX YaCTHLl MOKHO TIOJIYYHUTh I10 PA3HOMY MOJISIPU30BAHHbIE JINBHH.
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FOTONLARIN X9TTi VO MUONLARIN UZUNUNA POLYARIZASIYASINI
NOZORO ALMAQLA KRiISTALLARDA MUON-FOTON LEYSANININ
KASKAD NOZORIYYOSi
M.R.ROCOBOV
XULASO

Fotonlarin xotti polyarizasiyasini vo miionlarin uzununa polyarizasiyasini nozors
almaqla kristallarda miion-foton leysanmin kaskad nozoriyyesi islonib hazirlanmigdir. Ley-
sanda istirak edon fotonlarinin paylanma funksiyasi, onlarin niifuz derinliyindon, enerjisindon
va leysan zarraciklorinin spin vaziyyatindan asililigl nozari olaraq todqiq edilmisdir.

Acar sozlar: elektromaqnit leysani, foton, miion, polyarizasiya

CASCADE THEORY OF MUON-PHOTON SHOWER IN CRYSTALS
WITH THE LINEAR POLARIZATION OF PHOTONS
AND THE LONGITUDINAL POLARIZATION OF MUONS
M.R.RAJABOV
SUMMARY

The theory of a cascade muon-photon shower in crystals, with the linear polarization of
photons and the longitudinal polarization of muons is developed. The depending the
distribution function of shower photons on the depth of their penetration, energy and spin states

of shower particles is investigated.

Keywords: electromagnetic shower, photon, muon, polarization
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YARIMMAQNIT YARIMKECIRICILORDO ASAGI TEMPERATUR
VO PARAMAQNIT ZORROCIKLORIN
YUKSOK KONSENTRASIYASINDA
NUVO MAQNIT REZONANS OYRIiSININ HESABLANMASI
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Maqalada Yarimmagnit Yarimkegiricilordo asagi temperatur va paramadgnit zorro-
ciklorin yiksak konsentrasiyasinda niiva magnit rezonans Xatti Qrin funksiyast metodu ilo
hesablanmigdwr. Lokal magnit sahasinin slratli fluktuasiyasinda Vo yavas fluktuasiyasinda
rezonans ayrisinin formasmna baxilmisdir.

Acar sozlor: Yarimmagqnit Yarimkegirici, asagl temperatur, yiiksok konsentrasiya,
paramaqnit ion, rezonans xatti, Qrin funksiyasi

Yarimmaqnit Yarimkegciricilordo asagi temperatur vo asagi konsentra-
siyalarda Niivo Maqgnit Rezonans xottinin formasini arasdirarkon geyd olunur
ki, rezonans xattinin formasinin qurulusu sistemdo bas veran qarsiliqh tasirlor-
don asilidir. Bu qarsiligl tosirlorin spin doyisonlorinin fluktasiyalarina sobob
olur vo bu fluktasiyalarin niivolor tizorindoki fluktasiya edon lokal saho yarat-
digin1 geyd eda bilorik. Oz ndvbasinds bu lokal maqnit sahasinin rezonans xot-
tin formasini omolo gotirir. Bu halda paramaqnit ionlarin konsentrasiyast asagi
olduguna goro onlar arasinda spin-spin garsiliql tasirini nozoro almiriq. Para-
magqnit ionlarin yiiksok konsentrasiyalarda monzorasi ciddi suratds doyisir. Bu
halda lokal fluktasiya edon maqnit sahosinin yaranmasinda ionlarin arasindaki
spin-spin qarsiliqli tosiri 9sas rol oynayir.

Burada osas mogsad magqnit zorrociklorin spin-spin qarsiliqli tosirinin
nazara alinmasindan ibarat olacaqdir. Magsadimize nail olmaq ii¢lin sistemin
Hamiltonianinda:

H=Hy + Hyp, (1)
Qargiligl tasir hissasinds (H;y,;) ionlarin Hgg operatorunu nazars almagqdir:
1 _ _
Hgs =- X [aii’SiZSiZ' + b (S Si + S S:r] (L.1)

(1.1)-ds a;;+, b;;» elektron spin miibadils va dipol-dipol amsallaridir.
Sistemin tam garsiliqli tosir Hamiltonian1 H;,; yiliksok konsentrasiyalar
halinda asagidaki sokildo olacaq:

108



Hint = Hg; + Hgs + Hsg + Hgp + Hyy (1.2)

Qeyd edok ki, burada Hgy, Hgs, Hss, Hy;, Hpp uy8un olaraq elektron-
niivo, elektron-elektron, elektron-sarbast elektron, sarbast elektron-niiva, niive-
niivo qarsiligli tosirlorinin hamiltonianlaridir.

Sistemin garsiliqh tosirdo olmayan hissosinin operatoru (Hy) doyis-
moyorak asagidaki sokildo galir:

Hy=Hs+ H; + H; + Ho + Hpp, (1.3)

Qeyd edok ki, burada Hg, H;, Hy, H,, Hpp, uygun olaraq qarsiligh tosirdo
olmayan elektron, niivo, sorbast elektron spinlorinin, sorbast elektronlarin
kinetik enerjisinin, fonon sahasinin hamiltonianlaridir.

Niivo Maqgnit Rezonans oyrisinin formasini asagi temperaturlar vo kon-
sentrasiyalar halinda oldugu kimi Yarimmagqgnit Yarimkegirici maddolordo
uygun gecikon Qrin funksiyasinin xoyali hissasi kimi tapmaga calisacayiq:

F(m) =1, < IT|I~ »k (1.4)
Burada I molum niive spin operatorlaridir.

Qrin funksiyasi metoduna osason baslangicda antikommutator Qrin
funksiyasin1 tapacayiq.

[k olaraq asagidaki Qrin funksiyast iigiin haroket tonliyi yazacayiq:

L IFOU(Y > =10t —t) < [IF (@), I (t)]; > (1.5)
Yuxaridaki Qrin funksiyas1 zoncirvari sokil alacaq:

BL IF|I; »=-<[I},1;] >+ < [IF,H]|I; > (1.6)
(1.6) tonliyindon goriiriik ki, baslangic Qrin funksiyasi <« IF|I; > daha
yiiksok rangli < [I}, H]|I,. > Qrin funksiyasina zoncirvari baglanmigdir.

(1.6) tonliyinin halli, agor sistemdo bas veran vacib dinamik effektlori
itirmomok istoyirikso miimkiin qodor doqiq aparilmalidir. Yuxaridaki tonliyi
zorla kobud sokilda hallindon uzaqglasmaq ti¢iin Qrin funksiyalar1 tigiin hays-
canlasma nozoriyyasini totbiq edirlor. Burada osas mogsod miimkiin olduqgca
(1.6) tonliyindoki zonciri inco yolla qirmaq vo bu yolla sistemds mdvcud olan
qarsiliglt tosirlorin dinamik proseslordoki istirakini ortaya ¢ixarmaqdir.

Ik baxisda (1.6) tonliyi asag: temperaturlar vo asagi konsentrasiyalar
iclin yazilmis tonliyo bonzoyir, ancaq unutmamaq lazimdir ki, buradaki siste-
min Hamiltoniam1 H asagi konsentrasiyalar halinda forqlonir. Bu fakt H-in
askar soklini (1.6) tonliyindo yazanda ortaya ¢ixacaqdir.

Sistemin qarsiligl tosir Hamiltonianina daxil olan Hy;, H,;, Hgy, Hs, ha-
miltonianlarinin da askar goklini yada salaq:

1 _
n =3 T G SR D] )
His = - DZk I G*(Ry) (1.8)
H50=-Bz{ “R)SF + ~lo” (RS + o (RS} (1.9)
E Z(Cl] I S+ CUI]JrSz +AUI]ZS ) (1.10)
B, D, Fj;, &, Ajj spinlsr arasinda qarsiligl tosir omsallaridir.
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Antikommutator ~ Qrin funksiyasi <« IF|I;; > igiin (1.1)-(1.10)
ifadslorini nozors almagqla harokat tonliyini yazaq:
(E - wn) K IF g » = 8oer -+ Xy Gy K IZSE|Ig > +
+D %y K IFo? (R > + 5 i A K IFSE|IG > +
1 -
=X e K IS5 >» (1.11)
Gozlonildiyi kimi sistemdoki lokalizo olunmus ionlarin yiiksok
konsentrasiyasini tomsil edon Hgg operatoru (1.11) tonliyindo baslangic Qrin
funksiyasina baglanmadi. Homin operatorun sistemin polyarizasiya operatorlari
(P) toyin olunan etapda Qrin funksiyalar1 zoncirino baglanacagi molumdur.
Halolik sistemin kiitlo operatorlarini toyin edan tonliklori yazaq:

My = |2 %A < SEIE|IG | 671 (1.12)
My = =33 G « SEIZ|IZ |67 (1.13)
My =2 D3 « IFo?(R)|Iz |67 (1.14)
My =[5 %6 < IFLE |17 > | 671 (1.15)

Burada (1.12)-(1.15) tonliklorindo:
G l=(KI}I;»™? (1.17)
M(E)=E - wy, - per K IF |1 »>71 (1.18)

kimi toyin olunur.

Qrin funksiyast hoyocanlasma nozoriyyasi texnikasina uygun olaraq
dinamik effektlori itirmomok ti¢lin (1.12)-(1.15) tonliklorinin sag torafindoki
Qrin funksiyalart {iclin yeni horokot tonliyi yazmaliyiq. Bu mogsodlo homin
Qrin funksiyalarini sistemin tam qarsiliqli tosir Hamiltonianin1 diggoto almaqla
t' doyisonino goro diferensiallayiriq vo sifirinct yaxinlagsmada sifira borabor
olan Qrin funksiyalarini logv edorok alirq:

_(E - wn) < Sizlg-l[e_’ »> = <Si2)6ee’ - 2_1}.1 ZiAie’ < Sizlél-lle_’ > =
—= DY K [ES?0*(R)|I507 (Re) » — 7 X Ejer K SEIF|IFIZ » (1.19)
—(E —wy) K SFIZ|I; > =2 Tpépe  SPIZISEZ > (120)
—(E —wp) K I\l »==2%5&e < FIFFZ > (121)
—(E—wy) K O-Z(Re)lg-lle_’ »> = <GZ(Re))6ee’ -

—— Yihie K TZRIZ|SEz » —2D ¥y K a2 (R)IF|I707 (Re) > (1.22)
Yuxaridaki tonliklorin sag torafindo simmetriklonmis sol torofindokilordon daha
yiiksok Qrin funksiyalarini kifayat qodor doqiq hesablamagq iigiin onlara horokot
tonliklori yaziriq:

(E — wy) K STIS|SfG > = —(S7S{)0ee +
o T Ape K SESELE [SEIG » =280 Chy « SESHIZ| SEIE > +
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+$ Vi bi (K SFSHIX|SALL > —< STSHIF|SELL ») +

= %) &e K SEFIFISE » +2D ¥y < IFSE0?(R)ISF » +

+ ﬁB[« S;ot(R)IF|SEL » —< SFa~ (R)IF|SEIL >] (1.23)
Yuxarida yazdigimiz (1.23) tonliyindon goriiniir ki, Yarimmagqnit Yarimkegi-
ricilordo paramaqnit zorraciklorin konsentrasiyasi yiiksok oldugu halda homin
zarraciklorin spin-spin qarsiliqht tosiri (elektron) herokat tonliyi daxil olur
(b, —lokal spinlorin qarsilight tosir omsalidir). Bu fakt onu gostorir ki, re-
zonans dyrisinin formalagsmasinda homin qarsiligh tasir rol oynayacaqdir. Yiik-
sok tortibli Qrin funksiyalarini lazimi doqiqliklo hesabladigda biitiin garsiligl

tosirlorin oynadiqlari rol ortaya ¢ixmalidir. Bu magsadls (1.23) tonliyinin yeto-
rinca doqiq hollini tapmagq iigiin polyarizasiya operatorlarini daxil edok:

(E — wyp — P) Gy = —(S75{)8eer (1.24)
Burada
G, =< SZSF|SZI; > (1.25)
P=P,+Py+P,+P +P-+P, (1.26)
olarsa:
Py=2D Y « SToPRIIFISHG » 6Tt (1.27)
Pg= %B(« STt (RIFISELL » — K SFTa™(R)IF|SEILL »)Grt (1.28)
P, = % YinAjre < SESEIF|SZL > Gt (1.29)
P === N Clre < SESEIF|SE > 6T (1.30)
pg=%zj Eje K SEIFIF|SELL » Gt (1.31)

P, =% i b (K IFSTS|I5SE > =< IFS7SH|SEL )6t (1.32)

Oncadon geyd etmisdik ki, polyarizasiya operatorlarinin askar ifadslori

miistoqil maraq dogurur vo buna goro onlar miimkiin olan on yiiksok yaxin-
lagsmada alavodo hesablanirlar.

Kiitlo operatoru M(E)-nin ifadasine daxil olan yiiksak tortibli Qrin funk-
siyalarini lazimi doqiqlikdo hesablamagq iigiin anoloji yoldan istifado edoacoyik.
Ogor

G, = KL SEIF|aZ(RI; > (1.33)
oldugunu hesab etsok vo G, — ni t-yo goro diferensiallasaq asagidaki tonliklori
alariq:

(E —wp = P) Gz = —(S7N0%(Re))bee (1.34)

Pa=5; ZuAve < SISHE 0% (Re)z > Gy (1.35)

Pr==%&e & SEFIFI0* (RG> G31 (1.36)
Pi= == Cio < SESEIF |07 (Re)I5 > G (1.37)
Py==D%; < SFa?(R)IF |0 (Re)lg > G5t (1.38)
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Burada (1.34-tonliyindon) hesab olunur ki:

P'=P,+ P+ P.+ P, (1.39)
Yuxarida yazdigimiz (1.34-1.38) tonliklori imkan verir ki, 6nco polyarizasiya
operatorlarini vo onlarin vasitasilo sonra kiitlo operatorlarini tapaq. Kiitlo ope-
ratorunun askar soklinin tapilmasi baslangic horokot tonliyi yazdigimiz osas
antikammutator Qrin funksiyasinin agkar soklinin tapilmasi demokdir. Sonrak1
addimda gecikon Qrin funksiyasinin agkar soklinin toyin edilmasi boyiik ¢atin-
likloro sobob olmur. Burada osas mosalo dncodon geyd etdiyimiz kimi bas-
langic niivo spin Qrin funksiyas1t G = « IT|I~ > ii¢lin yazilmis horokot ton-
liyinin sistemdo olan biitiin qarsiliglt tosirlorin diizglin nozors alinmasi ilo ya-
zilmas1 vo lazimi qodor dogiqgliklo amolo golmis Qrin funksiyalar1 zoncirinin
¢oOziilmosidir.

Texniki olaraq bu mogsadlo (1.34) — (1.38) tonliklorinin sag torof-
larindaki Qrin funksiyalarini yenidon t' -0 gora diferensiallayaraq daha yiiksok
tortibli simmetrik Qrin Funksiyalar1 alirlar. Alinmis simmetrik Qrin Funksiya-
larmi ilk yaxinlasmada hesablayaraq polyarizasiya operatorunu tapiriq. Polya-
rizasiya operatorlarinin tapilmasit M(E)-nin tapilmasi vo maosolonin yiiksok
doaqiqlikls halli demoakdir.

Burada osason biz riyazi olaraq polyarizasiya operatoru P vo Kkiitlo
operatoru M-o yiiksok konsentrasiyalarda (lokallagsmis paramaqnit ionlarin) Hgg
qarsiligh tasirinin verdiyi payin hesablanmasini aparmisiq. P-yo vo M-o Hgg-in
tasiri dolay1 yolla Yarimmagqnit Yarimkeciricilords rezonans ayrisine gostorilon
tosirlo naticolonir.

Yarimmaqnit Yarimkegiricilords asagi temperaturlarda, yiiksok konsen-
trasiyalarda sistemdo mdvcud olan biitiin miimkiin qarsiliglt tosirlori eyni
zamanda nozora aldiqda polyarizasiya operatorlarinin va kiitlo operatorlarinin
askar ifadolori xeyli miirokkob alinirlar. Bu tobii olaraq kiitlo operatorlarinin vo
noticado Qrin Funksiyasinin ¢ox miirokkob ifadesina gatirib ¢ixarir. Antikom-
mutator Qrin Funksiyainin va rezonans oyrisinin formasini toyin edon gecikon
Qrin Funksiyasinin xoyali hissosido (f(o) = I, < IT|I~ »R) kifayot qodor
(imumi halda) miirokkab sokil alir.

Umumi lokal fluktuasiya edon maqnit sahosinin ixtiyari fluktasiyasi
halinda rezonans oyrisinin eksperimental olaraq yaxsi molum oyrilora banzo-
moyan ¢ox miirokkab bir ifado ilo tosvir oluna bilocayi oslindo gdzlonilondi. Bu
halda yekun rezonans oyrisini bir ¢ox oyrilorin kombinasiyasindan yaranir vo
tocriibalordo miisahido olunan rezonans oyrilorilo miigayiso olunmasi miimkiin
olmur. Asagi temperaturlarda aparilan tocriibalor iigiin ohomiyyatli olan lokal
sahonin siiratli vo yavas fluktuasiyalarinda polyarizasiya, kiitlo operatorlarinin,
gecikon Qrin Funksiyasinin ifadolori sadolosir vo noticodo asagidaki naticolori
aling:

1. Lokal maqnit sahasinin siiratli fluktuasiyasinda rezonans oyrisinin formasi.
2. Lokal maqgnit sahasinin yavas fluktuasiyasinda rezonans oyrisinin formasi.
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Birinci halda rezonans oyrisi tigiin asagidaki ifadoni aliriq:
f(0) = A*(Vsi + Vos + Vie + Vis +vi) ' X
X {w + [A*(Vsi + Vos + Vie +Vis T vi) T2 (1.40)
(1.40) ifadesindo A ionlarin elektron spinlorinin niivo spinlorilo garsiligh tosir
omsal

Ysi = ImPs; (1.41)
Yss = ImPss (1.42)
Y = ImPr (1.43)
Yos = ImPss (1.44)
Yo1 = ImPs1 (1.45)

Yuxaridak: (1.41)-(1.45) ifadalorindoki yss, Y11, VYsi» Yos»Yer Komiyyot-
lari uygun qarsiligl tosir noticosinds bas veran spin kegidlorinin ehtimalidirlar.

Tapdigimiz (1.33) ifadesindon goriiriik ki, lokal sahanin stiratli fluktua-
siyasinda miirokkab rezonans oyrisi, yarim eni yarim intensivlikdo A olan
Lorens oyrisina ¢evrilir. Burada

A =As +Vss+ Vos +Vu + Vo) ™! (1.46)

Qeyd etmoliyik ki, lokal maqnit sahosinin siirotli fluktuasiyalarinda

asagidaki sort 6donilmolidir:
y>A (1.47)
Y=Vsi +Vss+ Yos + Yu + Yo (1.48)

(1.46) ifadesindon goriiriik ki, (1.47) sorti 6donildikdo (lokal sahonin
stirotli fluktuasiyalarinda) Lorens oyrisi rezonans tezliyindon bir qodor siiriis-
miusdiir

Wer = Wy — A (1.48)
A=Ag+ Ags + Ags + Ay + Agy (1.49)

(1.49) miinasibatindon goriiriik ki, yiiksok konsentrasiyali Yarimmaqnit
Yarimkeciricilordo elektron spin-spin garsiligl tosiri basqa qarsiligh tasirlorlo
birlikds xattin enlonmasing pay verdiyi kimi siirigmasinda da istirak edir.

(1.49) ifadosindo A com siirlismo, Ags, Ag;, Ags, Agr, Ay Uygun qar-
siligl tosirlorin toratdiklori siiriigsmalordir.

(1.46) diisturu siiratlo fluktuasiyalarda Lorens oyrisinin yarim intensiv-
likdo enina digor qarsiliqlh tosirlorlo birlikdo lokal spinlorin qarsiligl tosirinin do
pay verdiyini goriiriik. Bu halda asason spin-niivo garsiligli tosirin genislondirdi-
yi rezonans xattinin, spin-spin qarsiliql tosirinin daraltmaga ¢alisdigini gortirtik.

Rezonans oyrisinin (Niivo Magnit Rezonansi) miisahido edilo bilmosi
ticlin asagidaki sort tolob olunur:

A< wg, (1.50)

(1.50) sortinin O0donilmasi ligiin rezonans tacriibalorinin kifayat qodor
boyiik sabit maqnit saholorindo aparilmasi lazimdir. Bugiinkii texniki imkanlar
(1.50) sortinin 6donilmasini asanliqla tomin edir.

Yarimmagqnit Yarimkegiricilordo rezonans hadisosi miisahido edilon nii-
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va spinlari iizorindo yavas fluktuasiyalarda (lokal maqnit sahasinin):

A>y (1.51)
(1.51) sorti 6donildikdo rezonans oyrimiz asagidaki funksiya ilo tosvir olunur:
flw) = Ay + {A? + (w, — A)?} 7T (1.52)

(1.52) ifadasindon goriiniir ki, rezonans ayrimiz bas rezonans tezliyindon siiriis-
diirilmiis yarim eni A; olan Lorens oyrisidir:

A= % (V1s +Vss + Yos +Yu + Vo) (1.53)
Oldo etdiyimiz (1.53) diisturu gostorir ki, Yarimmaqnit Yarimkegiricilordo
(1.51) sorti 6donildikdo sistemds yeri olan qarsiligl tosirlor (o ciimlodon yiik-
sok konsentrasiyalarda lokal spinlorin qarsilight tosiri) com olaraq rezonans
oyrisinin genislonmasindos istirak edir.
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PACYET KPUBOU AJEPHOI'O MATHUTHOI'O PE3OHAHCA ITPU HA3KUX
TEMIIEPATYPAX U BBICOKUX KOHIHEHTPALUAX TAPAMATHUTHBIX
YACTHUIL B TIOJTYMATHUTHBIX TIOJTYITPOBOJHHUKAX

A.CMAMME3AJIE, M.H.AJINEB
PE3IOME

B crarbe ObUT BBIYHCICH METOH JUHEWHOH (QyHKIMH [prHA SAEpPHOTO MAarHUTHOTO
pe30HaHCa IpH HU3KUX TeMIIepaTypax M BBHICOKHX KOHIICHTPANMAX MapaMarHUTHBIX YacTHIl B
MTOJ[yMarHUTHBIX TTOJIYIIPOBOAHKKAX. PaccMoTpeHa gopma pe3oHaHCHOH KpHBOI IpH OBICTPOIA
(GIIyKTyanuu 1 MeIUICHHON (IIyKTyaIluH JOKaJIbHOTO MarHUTHOTO TIOJIS.

KoatoueBnbie ciaoBa: [lomymarauthbix [lomynpoBogHHKax, HU3KHUX TeMIEpaTypax,
BBICOKAsl KOHIICHTPAIXs, TapaMarHUTHBIH HOH, pe30HAaHCHas TUHUS, GyHKIuK ['puHa.

CALCULATION OF NUCLEAR MAGNETIC RESONANCE CURVE IN
SEMIMAGNETIC SEMICONDUCTORS AT LOW TEMPERATURES
AND HIGH CONCENTRATION OF PARAMAGNITE PARTICLES

A.CMAMMADZADE, M.N.ALIYEV
SUMMARY

In the article, the nuclear magnetic resonance line at low temperatures and high con-
centrations of paramagnetic particles in semimagnetic semiconductors was calculated by the
Green function method. The shape of the resonance line in fast fluctuations and slow fluctua-
tions of the local magnetic field was considered.

Keywords: Semimagnetic Semiconductors, low temperatures, high concentration,
paramagnite ion, resonance line, Green function
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KLEYN-QORDON TONLIYININ UMUMILOSMIS
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Isda iimumilosmis Vud-Sakson potensiali ii¢iin Pekeris yaxinlasmasinin kémayilo radial
Kleyn-Qordon tonliyinin analitik hallori arasdirilmisdir. Ixtiyari | - hali iiciin Nikiforov-Uva-
rov metodundan istifads etmaklo enerjinin maxsusi qiymatlori va radial dalga funksiyalar: ta-
punmigdr. Homginin potensial ¢uxurun V,, vo W darinliklorindan, radial n va orbital [ kvant
adadlarindan va Ry , a parametriarindan asili mahdud sayda enerji spektri miiayyan edilmisdir.

Acar sozlor: Kleyn-Qordon tonliyi, Umumilosmis Vud-Sakson potensiali, Pekeris
yaxinlagmasi

Nozari fizikanin vo eloco do kvant mexanikasinin 9sas masololorindon
biri do bazi fiziki maraq kasb edon miioyyen tip potensiallar iiciin dalga ton-
liklorinin - Sredinger, Kleyn-Qordon vo Dirak tonliklorinin analitik hall edilmo-
sidir. Belo ki, dalga tonliklorini hall edoarak tapilan dalga funksiyalarindan
kvant sistemlori haqqinda miithiim molumatlart miioyyon etmok miimkiindiir.
Bu ndqteyi-nozordon dalga tonliklorinin analitik halli ciddi eshamiyyat kosb
edir. Hal-hazirda yiiksok texnologiyada - kvant ndqtolorinin alinmasi vo onlarin
idaro olunmas1 nazari va totbiqi fizikanin aktual vo on mithiim problemlarin-
dondir. Beloliklo, miixtolif tip potensial saholor {i¢lin enerji spektri praktiki ma-
raq kosb etdiyindon ixtiyari parametera nozoron enerjinin moxsusi qiymat-
lorinin xassolorinin dyronilmasi ¢ox vacib va aktualdir.

Umumilosmis Vuds-Sakson potensiali hacmi (standart) Vuds - Sakson

potensiali ilo soth Vuds-Sakson potensialinin comina borabardir [1]:
r—R
Vo We @
V(r) =-— o 5 (1)

%o —R
Lrea (1+ea)
burada V,,W potensial ¢uxurlarin darinliyi, R, -potensialin eni vo ya niivenin
radiusu, a - parametri iso soth tobogosinin qalinlig1 vo o, ionlagma enerjisinin

tocriibi qiymoti ilo miioyyen olunur. Umumilosmis Vud-Sakson potensialinda
soth hissosi osason sotho yaxin oblastda olave potensial ¢uxur yaradir ki, bu da
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niivo reaksiyalarinda elastiki sopilmalorin izahinda ¢ox shomiyyatli yer tutur.

Vuds - Sakson tipli potensiallari iiclin orbital kvant adodinin [ # 0 ix-
tiyari qiymotindo dalga tonliklori doqiq hoall oluna bilmir. Orbital kvant odo-
dinin [ # 0 halinda dalga tonliklorinin toqribi analitik hollini tapmaq ii¢lin bir
ne¢o yaxinlagsma var ki, onlardan on ¢ox genis istifado ediloni Pekeris torofin-
don toklif olunan yaxinlagsmadir [2]. Pekeris yaxinlasmasi morkozogagma po-
tensialinin niivelor arast masafosindon asili olub, ikinci tortibs qodor hadlori
nozors almagla eksponensiallara goro siraya ayrilmaya osaslanir. Ik dofs Pe-
keris yaxinlagmasinda Nikiforov-Uvarov metodunun komayi ilo orbital kvant
ododinin ixtiyari [ # 0 gqiymotindo Vuds - Sakson tipli potensiallar {i¢iin radial
Sredinger vo radial Kleyn - Qordon tonliklori analitik hall olunmus, enerjinin
moxsusi qiymatlori vo moxsusi funksiyalar1 tapilmisdir [4-7]. Bu islordo
ixtiyari [ - halinda V;(r) morkozogqagma potensiali tigiin asagidaki approksi-
masiya sxemi — Pekeris yaxinlagmasi toklif edilmisdir:

! |/C L S 2 \\
2 pzl Lo T—R R 2 |
r RO\ l+ea <1+e—r aRO> /

Belo ki, [4, 5] islorindo Ry ,a spesifik potensial parametrlordon asili olan
Co, C;1, C, komiyyatlori (2) miinasibatinin har iki torofini niivonin sothi yaxin-
liginda - r = R, noqtosi otrafinda Teylor sirasina ayirmaqla miiqayisodon
toyin olunan parametrlordir. [6] vo [7] — do iso uygun olaraq ixtiyari [ halinda
effektiv Vuds-Sakson vo timumilogmis Vuds - Sakson potensialinin r = 7, mi-
nimum noqtosi otrafinda miioyyon olunan C,,C;,C, approksimasiya para-
metrlori osasinda V;(r) morkozoqagma potensialina (2) Pekeris yaxinlasmasini
totbiq etmoklo Nikiforov - Uvarov vo Supersimmetrik kvant mexanikasi metod-
larmin koémoyi ilo D - 6l¢iilii radial Sredinger tonliyi analitik hall edilmigdir.

Isdo imumilosmis Vuds - Sakson potensiali {i¢iin radial Kleyn — Qor-
don tonliyini analitik hall edarok enerji spektri vo dalga funksiyasi tapilmisdir.
Hesablamalar ixtiyari [ halinda (1) imumilosmis Vuds - Sakson potensialin
r =1, minimum noqtosi otrafinda miioyyon olunan C,,C;,C, approksima-
siya parametrlori asasinda V;(r) morkozogagma potensialina (2) Pekeris yaxin-
lagmasini totbiq etmoklo Nikiforov-Uvarov metodunun kdémayi ilo aparilmisdir.

Radial Kleyn-Qordon tonliyinin holli

Sferik simmetrik skalyar S(r) va vektor V(r) potensial sahalords spini
sifra borabor olan zorrocik iicilin stasionar Kleyn-Qordon tonliyi asagidaki
kimidir [8]:

P2, 0,0) + s [(F = V()P = (M2 + SEN2 (. 6,0) =0, (3)
burada M — zorraciyin kiitlosi, r - radius, 6 - polyar bucaq, ¢ - azimutal bu-
caq, h - Plank sabiti, ¢ — is181n siirotidir. Laplas operatoru

(2)
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% 190 0 2
A= V2= V2 + ﬂz——(rz—)— (4)

r?2  r2or\ 9dr) h?r?
oldugundan (3) tonliyinin halli sferik koordinat sistemindo
()
Ym0, 0) = 22Y,,.(6,9) )
soklinds axtarilir. Verilmis Y;,,(0 , @) sferlk funksiyasi ti¢iin
LZYlm(g'(p) = hzl(l + DY (6, 0) (6)

tonliyi 6denilir, burada [ - orbital kvant adodi va m iso maqnit kvant adadidir.
(4) - (6) ifadalorini (3) tonliyindo yerino yazib vo miioyyon ¢evirmalor-
don sonra u(r) radial funksiya tictin agagidaki tonlik alinir:

Cum @) | [(E V) — (Mc? + S(r)) ——hzczl(zl“)]

dr2 hz 2 U (1) = 0,(7)

burada 0 < r < oo — dir.
Skalyar vo vektor potensiallar1 imumilosmis Vuds - Sakson potensialina
barabor S(r) = V(r) = Vg s(r) oldugda (7) tonliyi asagidaki soklo diisiir:
d?u,,(r) 1 h2c?l(l + 1)
= —2] un (r) =0,(8)

12 7oz E? — M?c* = 2(E+ Mc®)V(r) —

Orbital kvant ododinin ixtiyari qiymsetinds Nikiforov-Uvarov, asimptotik
iterasiya vo s. Uisullardan istifado etmoklo bu potensial ii¢iin (8) tonliyini analitik
hall etmok miimkiin deyildir va buna sabab markezoqagma potensialidir, yani

2 2
Vl(r)—h a+1

rZ
. r—R
Bu mogsadlo yeni x = —

9)
= Ry(1 + x) orbital

morkozoqagma V,(r) potensialini, imumilogsmis Vud-Sakson V(r) potensia-
av(r . T—Ro — ..
YO~ 0 ekstremum sortindon alinan e a =e* = 7= tonliyini
T W+Vo

odayan, yani onu (1) imumilogmis Vud-Sakson V(r) potensialinin x = x, =

linin

X = Zin (W_VO) minimum noqtasi otrafinda Teylor sirasina ayiraq:
a W+V0
R2c?l(l + 1) _ R2c2l(l+1) 1

vV = = =
() r2 R (1+x)2
2 3
=5 — X=Xe) s (A X 24 10
Arx)y Arep ™ T X7 e (o
burada § = L(Hl)-dlr Qeyd edok ki, = W;VO miinasibatino 9sasan
0 0

* > 0 oldugundan W >V, vo ya W < =V, alinir. ©Ogor bu sort 6donmazsa,
imumilogmis Vud-Sakson V(r) potensialinin minimum noqtasi olmur. Pekeris
approksimasiyasina gora V,(r) potensiali asagidaki kimi gotiiriiliir [2, 4-6]:

R2c2l(l+ 1) C, C,
4 = , 11
(@) RZ ( CT e Ty e“x)z) a1
2.2
burada @ = Ry/avo d = h+(zl+1)-dir.
0
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7,(r) potensialimi x = x, = Xypin (¥ = To = Ihyip) Minimum noqtasi
otrafinda Teylor sirasina ayiraq:
7.0 5{ c, C, ( ac,ee 2ac,e%e
Vi(r) =03Cy + + - +
: T 14+ e®e (1+e%e)?  \(1+e%e)? (1 + e%¥e)?
a’c,e®e(1 —e%e) q?c,e%e(1 — 2e%%¢) ( ¥
- + X —Xg)? + - 12
2(1 1 ea%e)? (1 + ewe)’ e (12
(10) vo (12) ifadalorindo x - in eyni tortibli uygun hoadlorinin miigayisesindon
Cy,C,,C, sabitlorinin toyini li¢lin asagidaki cobri tonliklor sistemini alariq:

) G- %)

( C, C, 1
1+e%e  (1+e%e)?2 (1+x,)
ac,e®e 2ac,ee 2
+ = 13
(1+e™e) " (1+e@e)  (1+x,)3 (13)
a?c,ee(1 —e%e) q?c,e%e(1 — 2e%%e) 3
+ =
U\ 2(1 + e®Xe)3 (1 + eaxe)* (1+x,)3

Bu cobri tonliklor sistemini holl edorak - naticads ¢, , €, , C, sabitlori tigiin asagi-
daki ifadolori tapariq:

( 1 (1 + e%¥e)? [e‘“xe —3  3e %
Co = +
T (1+x,)? ae®e(1+x,)3l1+e%*e " a(1+x,)
2(1 + e%¥e)? Cay, 31+ e7%e)
{ C1= i S (14)
ae%e(1+ x,) a(l+x,)
(1 + e%e)3 3(1 + e™%%e)
— —aXe __ R
L 2T ae®e(1 + x,)3 a(l+x,)

Radial Kleyn-Qordon tonliyinin (9) miinasibotilo verilmis v,(r) moarko-
zdgagma potensiali li¢lin holl etmok ovozino Pekeris yaxinlasmasindan alinmis
(11) miinasibatilo toyin olunan ¥,(r) morkozogagma potensialinda yeni radial
Kleyn-Qordon tonliyini hall edok. Beloliklo, Pekeris approksimasiyasina osason
(8) tonliyindo v,(r) yerino 7,(r) yazsaq, alariq:

| 2(E + Mc?) _la+1)
d*un (r) + E* —M?*c* 1(1+1) c w2z~ (Vo + W) RZ Cy
2 2.2 2 0 —=
dr [ h4c R2 =
2(E+McHW | 1L+ 1)G)
h?c? + RZ |
- TR\ 2 U (r) = 0. (15)
(1 + eT)
Yeni z = —11”—R0 ; 0 <z <1 doyisonini daxil etsak, (15) tonliyi
1+e a
dun(z)  1-2z duy(z)  —& + p2z—y?2?
dz? z(1—2z) dz 72(1 — 2)? un(2) =0, (16)
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soklo diisor, burada

E2 —M2c* 1(l+1)C,
2 _ _ 2
el = < PYP RZ )a >0, a7n
2E+McH(Vy+W) 11+ 1)C,
2 _ _ 2
p? = < PEy RZ a>0, (18)
2(E+McHW 11+ 1C,
2 _ 2
oo (LELEW DG 9
olagoli hallar iigiin € > 0 (|E| < Mc?) olmalidir.
Nikiforov-Uvarov metoduna [3] asason (16) tonliyindon
0(2) =z(1-2); #(z) =1-2z; 6(z) = —€? + B2z —y?%2?, (20)
alinir. Belo ki, m(z) funksiyasi (20) vo ¢'(z) = 1 — 2z osason
n(z) = +/e2 — (B2 — k)z + (y% — k)z2 (21)

olur. Sabit k parametri, kokalti ifadonin tam kvadrata malik olmasi, yoni onun
diskriminantinin sifira borabor olmasi gortindon tapilir:

2
k=—(eFVe2—p7+72) +v2. 22)
Belolikloa, har bir k {igilin iki miimkiin 7 (z) funksiyasi vardir:

n(z>=+{(£‘m)z—e or k= (e = JZ—FTH77) +7?

2
(£+ 82—,82+y2)z—€ gr k= —(£+ 22—[)’2+y2) +y?
NU metoduna [3] asason m(z) polinomunun (23) dérd miimkiin for-

masindan elasini segirik ki, bu forma polinom f{i¢iin 7(z) funksiyasinin toro-
masi monfidir:

T(z)=f(z)+2n(z)=—2(£+ ez—ﬁz+y2+1)z+2£+1;

T'(Z)=—2(€+\/€2—,32+]/2+1)<0

vo kok (0,1) intervalinda yerlosir, yoni 7'(z) <0, 0 <z < 1. Buna goro
m(z) va1(z) funksiyalar asagidaki formada olur:

(23)

n(z):—(£+ 82—ﬁ2+y2)z+£ (24)
T(Z):—2(€+1/€2—,82+y2+1)z+2£+1 (25)
k=—(£+ 82—ﬁ2+]/2)2+]/2 (26)

Onda A =k + 7'(z) sabiti
A:—(£+ 82—,82+y2)2+y2—(s+ 82—[32+y2) (27)
olar. NU metoduna [3] asason 4,, - in digar alternativ toyinino gore
/1=/1n=2(£+ ez—ﬁz+y2)n+n(n+1) (28)
olur. (27) va (28) miinasibatlorin miigayisasindon
—(s+ 82—,82+y2)2+y2—(8+ 82—,82+y2)
= 2(£+ 62—,82+y2)n+n(n+1)
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alanq:

1) 1
<s+ 82—ﬁ2+y2+n+—) —y2—-=0.

2 4
Yuxaridaki miinasibatdon

Sy R (29)
J1+4y2 -1

alinir, burada

n' = — 1 (30)

va n radial kvant adodidir (n = 0,1,2,-++) . Belaliklo, (30) miinasibatindon tapariq:
Ly Y 31

£= > n my D

Olagoli hallarin E < 0 vo dalga funksiyasinin sonlu olmasi1 € > 0,e? — % +
y? > 0 sortlorindon n’ > 0 vo |B? — y?| < n'? alinir.

Uygun olaraq €, f vo ¥ - nin (17)-(19) ifadoalorini (31) — do yerino yazib
miioyyan cevrilmolordon sonra enerji spektrinin toyini {i¢iin asagidaki enerji
saviyyelori tonliyini aliriq:

h2c2l(l + 1)( C, + Cz)

E? — M2c* + V,E + Mc?V, — .
R2 2

2
h?c? 8(E + Mc?)a2Ww 4l(l + 1)a?C,
+ 1+ + > —2n-1
16a? h2c? R§

2(E + Mc®)a?V, I+ 1)a?(C, + C,)\
16 22 - 2
h%c R§

=0.(32)

h2c2 R

]
|
7|
(Jl | BE+Mc)a?W | 4l + Da?C, ., 1) Jl

Bu irrasional tonlikdon potensialin V, vo W dorinliklorindon, potensialin R,
enindon, sothin a qalinhigindan, radial n vo orbital [ kvant ododlorindon asili
mohdud sayda enerji spektri tapilir.

Umumilosmis Vuds-Sakson potensiali sahosindo radial dalga funksiya-
sin1 tayin etmok tigiin 0(z) ,7(z) , m(z) funksiyalarinin ifadslorini

9@ _ = P& _1@)- a'(2)
¢(z) a(2) p(z) a(z)

tonliklorindo nozoro alaraq - birinci tortib adi diferensial tonliklori holl etsok,
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(0,1) intervalinda sonlu ¢(z) va p(z) funksiyalarini tapariq:

0(2) = 25 (L =)V P77, (33)
p(z) = 225 (1 = )P, (34)

Coki funksiyasmin askar sokli vo Rodrigues miinasibotino [3] osason radial
dalga funksiyasinin ikinci hissasi
n
yn(Z) =B,z 28(1 _ Z) 2,/e2=B2+y2 : n[ n+2£(1 _ Z)n+2\/52—ﬁ2+y2] (35)
z
olar, burada B, = l - normallagsma sabitidir [9]. Noticads, y,,(z) funksiyasinin
Yakobi ¢oxhadlisi 119 verildiyi miioyyan olunur:

(22 2./&2— B2+y2)

Yn(2) = B, (1-22), (36)

burada

Péa'ﬁ)(l 27) = 1 2 %(1—2z)" ﬁ [Z”"'“(l z)n"'ﬁ] (37)

Yakobi polinomudur. Beloliklo, radial dalga funksiyasi
unt(2) = Gz (1= Y EF LTI gy (o

olar, burada C,;; normalanma sabitidir.
Enerji soviyyslorinin (32) tonliyinds qeyri-relyativistik limit halina
(c > ©) kegsok, yoni E —Mc? > E,E + Mc? - 2Mc?,V, > % R% —>¥
cevrilmolorini aparsaq, onda imumilogmis Vuds-Sakson potensiali tigiin geyri-
relyativistik E,,; enerji spektrinin ifadosi alinir [7]:
Vo R+ 1)< C, + C2>
2 2MRZ \° 2

Ey=—

—2n—1

h? - 8Ma?W N 41(1 + 1)a?C,
32Ma? h? R2

2Ma?V, 11+ 1)a?(Cy + )\
16 (253 20 >

1
|
|
2 2
1+8Ma2W+4l(l+12)a C2—2n—1

Natica
Umumilosmis Vuds-Sakson potensiali sahosindo morkozogagma poten-
sialina Pekeris yaxinlagmasi sxemini totbiq edorok orbital [ kvant ododinin ix-
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tiyari giymotindo Nikiforov-Uvarov metodunun kémoyi ilo Kleyn - Qordon
tonliyinin olagoali hallarinin enerjisinin moxsusi qiymatlori vo uygun moxsusi
funksiyalarin analitik ifadslori tapilmisdir. Belo ki, potensialin V, vo W dorin-
liklorindon, radial n vo orbital [ kvant odadlorindon, R, ,a parametrlorindon
asili mohdud sayda enerji spektri miioyyon edilmisdir. Homginin relyativistik
enerji soviyyalori tonliyinds ¢ — oo olduqda, yani qgeyri-relyativistik limit ha-
linda, imumilogmis Vuds-Sakson potensiali liclin qeyri-relyativistik E,; enerji
spektrinin ifadosi alinmisdir [7].
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PEIIEHUE YPABHEHUS KJIENHA-TOPJOHA
JJI1 OBOBIIEHHOTI'O TIOTEHIIHAJIA BY ICA-CAKCOHA

B.I'BAJJAJIOB
PE3IOME

B mpencraBnenHol paboTe ObUIM W3Y4eHBl AHAJMTHUUECKHE DPEUICHHS paIuaibHOTO
ypaBHenus Kueitna-I'opnona st o6oOmenHoro norteHnuana Bynca-CakcoHa ¢ moMomipio
anmnpokcumanus Ilekepuca. C ucnonszoBanneM Merona Hukngoposa-YBaposa Oblu Haiine-
HBI COOCTBEHHBIC 3HAUEHHSI SHEPTUH U BOJIHOBOW (DYHKIMH JUIS MPOU3BOJILHOTO | COCTOSIHUSL.
Taxoke, ObIIM ONpeENENeHbl KOHEYHBIE YHCIA IHEPTETHYECKOTO CIIEKTpa B 3aBUCHMOCTH OT
rmyOounsl moteHnuanos V, m W, pamuaibHOrO N W OpOMTaNBHOTO | KBAaHTOBBIX YHCEN H
napameTpoB Ry ,a.

KuaroueBnie cioBa: Ypasuenus Kueitna-I'opmnona, O0o0mieHHbI moTeHIMan Bynca-
Cakcona, CBsI3aHHBIE COCTOSIHUS
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SOLUTION OF THE KLEYN-GORDON EQUATION
FOR THE GENERALIZED WOODS-SAXON POTENTIAL

V.H.BADALOV
SUMMARY
In the present work, the analytical solutions of the radial Kleyn-Gordon equation have
been studied for the generalized Woods-Saxon potential by using the Pekeris approximation.
The energy eigenvalues and radial wavefunctions were found for arbitrary 1 - state via the
Nikiforov-Uvarov methods. Furthermore, a finite number energy spectrum depending on
depths of the potential V, and W, the radial n and the orbital | quantum numbers and

parameters Ry, a was identified as well.

Keywords: Kleyn-Gordon equation, Generalized Woods-Saxon potential, Bound states
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Nazori konformasiya analizi Gsulu ilo Tyrl-Pro2-Tyr3-Tyr4 kazoksin B molekulunun
foza qurulusu onu amolo Qatiron amintursu qaliqlarvun  asagienerjili  konformasiyalari
asasinda todqiq olunmugdur. Kazoksin B molekulunun foza qurulusunu éyronmak tiguin sistemin
potensial enerjisi geyri-valent, elektrostatik, torsion qarsiliglt tosir enerjilorinin va hidrogen
rabitasi enerjisinin cami saklinda segilmigdir. Kazoksin B molekulunun stabil konformasiyalar
vigimi, onlarin ikitizli firlanma bucaglarimin giymatlori, onlari stabillogdiron amintursu
qaliglart aras1 va daxili qarsihiql tosir enerjilari miayyan edilmisdir. Gostorimisdir ki, bu
molekulun Ggdlglll foza qurulusu 0- 5.0 kkal/mol enerji intervalina diison 15 asagienerjili
konformasiya ilo taranniim oluna bilar.

Acar sozlar: ekzorfin, kazoksin, opioid, foza qurulusu, konformasiya

Qida maddolorindon alinmis bir sira ekzogen peptidlori opioidobonzor
xassolora malikdir. Ik dofs elmo malum olan ekzorfinler a-kazeinden vo bugda
gliitenindon alinmisdir vo miioyyan tosirlori dyronilmisdir. Qida maddslorinin
peptid komponentlorinin opioid aktivliyina malik olmasinin kasfi bels forziyys
iroli stirmoya osas verdi ki, bozi yemoklor morkozi osob sistemino opiat dor-
manlar kimi tosir gostormoyo qadirdir. Bazi todqiqatcilar forz edirlor ki, in-
sanlar torofindon siid vo bugda mohsullarinin ¢ox istifado edilmosi onlarin tor-
kibindo ekzorfinlorin olmasi naticosindo olmusdur. Endogen opioid peptidlo-
rinin va ekzorfinlorin amintursu qaliglar1 ardicilliglarinin miiqayisosi gostorir
ki, ekzorfin molekullarinin N-torof amintursu qaliglart daha rongarongdir. Bu
onu gostarir ki, ekzorfinlor opiat reseptorlarinin ixtisaslagdirilmis ligandlar1 de-
yil vo onlar bazi hallarda miixtalif mediator vo hormonlarla miixtalif voziy-
yotlordo qarsiligh tosirlords ola bilorlor. Ekzorfinlorin N- torofindo on ¢ox rast
galinan Tyr-Pro ardicilligidir. Endogen opioid peptidlorinin N-tarafinds on ¢ox
rast golinon Tyr-Gly-Gly-Phe ardicilligidir. Prolin amintursu qaligimin olmasi
molekulu par¢alanmaya gars1 daha davamli edir. Heyvan monsoli ekzorfinlor
arasinda on ¢ox todqiq olunani siid ziilalinin téromoloridir. On ¢ox dyronilonlori
inok siidiiniin B-kazeininin hidrolizindon alinam B-kazomorfin-4, -5, -6, -7 —dir
[1-4].
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Opioid peptidlori sinfino aid olan enkefalinlorin, endorfinlorin, endo-
morfinlorin, dinorfinlarin, neoendorfinlorin qurulug-funksiya slagalarini tadqiq
etmisik, indi iso ekzorfinlor sinfino daxil olan molekullarin qurulus-funksiya
olagolori todqiq olunur. Bu tadqiqat isi do ovvalki tadqiqat islorimizin dava-
midir [5-11].

Hesablama metodu

Tyr1-Pro2-Tyr3-Tyr4 kazoksin B molekulu dord amintursu qaligindan,
80 atomdan va 19 ikiiizlii firlanma bucagindan ibarstdir. Kazoksin B moleku-
lunun foza qurulusunu dyronmok {iciin sistemin potensial enerjisi geyri-valent,
elektrostatik, torsion qarsiligl tasir enerjilorinin vo hidrogen rabitasi enerjisinin
comi soklindo secilmisdir. Qeyri-valent garsiliglh tosir enerjisi Lennard-Cons
potensiali ilo Momani vo Seraganin verdiyi parametrlorlo hesablanmisdir. Mo-
lekulun konformasiya imkanlar1 su miihitindo dyronilmisdir. Hidrogen rabits-
sinin enerjisi Morze potensiali ilo hesablanmisdir. Torsion qarsiliql tosir ener-
jisini hesablamaq ii¢iin potensial funksiyalar, atomlardaki parsial yiiklorin qiy-
matlari, valent bucaqlarinin qiymatlari vo valent rabitalorinin uzunluglari. Mo-
mani vo Seraganin moqalosindon gétiiriilmiisdiir. Ikiiizlii firlanma bucaqlarinin
isaralori va qiymatlori beynsalxalq nomenklaturaya uygundur [12].

Nozori konformasiya analizi lisulunda hesablamalarin noticolorini tohlil
etmak {igiin har bir amintursu qaliginin konformasiya halin1 xarakterizo etmok
ticiin X"jj isarasindon istifado edilir, burada X-amintursu galiginin osas zonci-
rinin formalarint (R,B,L,P), n-ardicilligda amintursu galiginin negonci yerdo
durdugunu, 1j=11,12,13,21 vo s. simvollar1 amintursu galigmin yan zoncirinin
voziyyatini (¥, X2, ¥3) Xarakterizo edir. 1-indeksi ikiiizlii firlanma bucaginin
giymatinin 0°-120° intervalinda, 2-indeksi 120°- -120° intervalinda, 3-indeksi -
120°-0° intervalinda doyisdiyini gostorir. Amintursu qaliginin asas zancirinin
R-oblastinda ikiiizlii firlanma bucaglar1 ¢ vo y-nin qiymaetlori -180°-0° inter-
valinda; B-oblastinda @-nin qiymoti -180°-0° intervalinda, y-nin qiymaoti 0°-
180° intervalinda; L-oblastinda ¢ vo y-nin giymetlori 0°-180° intervalinda; P-
oblastinda ¢ -nin qiymati 0°-180° intervalinda, y-nin qiymati -180°-0° interva-
linda doyisir. Osas zoncirin forma anlayis1 amintursu qaliglarinin asas zonciri-
nin ikitizli firlanma bucaqlariin qiymatlorinin R,B,L,P oblastlarina diisdiiyiinii
miloyyaon edir.

Molekulun osas zonciri ¢ vo f seypi adlanan simvollarla da xarakterizo
olunur ki, bunlar da uygun olaraq C%-C%;1-C%,-C%.3 virtual rabitalorinin agil-
mis vo biikiilmiis konfiqurasiyasina uygun golir. f-seypini dipeptid fragmentin
R-R, R-B, B-L, L-L, B-P, L-P, P-R, R-B formalari, e-seypini iso B-B, B-R, L-
B, L-P, R-L, R-P, P-L, P-P formalar1 omolo gatirir.

Hesablamalarin naticalori vo onlarin miizakirasi
Tyr1-Pro2-Tyr3-Tyr4 kazoksin B molekulunun foza qurulusu onu omo-
lo gotiron uygun amintursu qaliglarinin asagienerjili konformasiyalar1 asasinda
hesablanmisdir. Molumdur ki, molekulun amintursu qaliglar ardicilliginda qli-
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sindon basga digor amintursu qaliglar1 prolin amintursu galigindan avval gol-
dikds onlar iiclin asas zoncirin R formasinin konformasiyalar1 yiiksokenerjili
olur. Ona goro do kazoksin B molekulunun foza qurulusunu hesablamaq ti¢iin
baslangic variantlar secildikds Tyrl amintursu qalig: tigiin asas zoncirin R for-
masinin konformasiyalarina baxilmamisdir. Bu sobobdon do molekulun foza
qurulusunu dyronmok tigiin baslangic variantlar peptid zoncirin eee, eef, efe vo
eff seyplorinin asas zoncirlorinin sokkiz formalarinin konformasiyalar1 asasinda
secilmisdir.

Kazoksin B molekulunun foza qurulusunun 6yronilmosi gostorir ki, asas
zoncirin formalarinin vo konformasiyalarin enerjilorino gors diferensiasiya ge-
dir. Hesablanmis bir nego yiiz konformasiyalardan yalniz on besinin nisbi ener-
jisi 5.0 kkal/mol-dan ki¢ik olmusdur. Homin konformasiyalar, onlara qeyri-va-
lent, elektrostatik, torsion qarsiliglt tosir enerjilorinin verdiklori pay, imumi vo
nisbi enerjilori cadval 1-do gostorilmisdir. Codval 1-don goriindiiyli kimi, qey-
ri-valent qarsiligl tosir enerjisinin iimumi enerjiys verdiy pay (-14.4) — (-10.0)
kkal/mol, elektrostatik garsiligli tesir enerjisinin verdiyi pay (-2.2) —(1.0)
kkal/mol, torsion qarsililigh tosir enerjisinin verdiyi pay (1.3) - (2.9) kkal/mol
intervalinda olmusdur.

Cadval 1
Kazoksin B molekulunun asagienerjili konformasiyalari, onlara
qeyri-valent, elektrostatik, torsion qarsiliqh tasir enerjilarinin
verdiklori pay, iimumi vo nisbi enerjilori

Ne Seyp Konformasiya Uy Uq Uior Uiim Ubis
1 Eff B; RR,R; -14.4 -2.0 1.8 -14.6 0

2 B;RR|R, -13.3 -2.0 1.6 -13.7 0.9
3 B; RR3R; -12.9 2.2 1.6 -13.5 1.1
4 B; RR3R, -11.5 2.2 1.4 -12.2 1.3
5 B;RR,R, -10.6 2.1 1.5 -11.2 34
6 B; RR3R; -10.0 -1.5 1.3 -10.2 4.4
7 Efe B; RB;B; -13.5 -0.4 2.8 -11.1 3.5
8 B; R B;B; -11.9 -0.5 1.8 -10.6 4.0
9 B;R BB, -12.7 -0.4 2.9 -10.3 4.3
10 B; R B,B; -11.8 -0.4 2.0 -10.2 4.4
11 B; R BB, -11.9 -0.5 2.6 -9.9 4.7
12 Eef B, BR|R; -14.1 1.0 2.4 -10.7 3.9
13 B, BR,R; -12.4 0.7 1.8 -9.8 4.8
14 Eee B, B B, B; -12.5 0.4 1.8 -10.3 4.3
15 B, B B,B; -12.3 0.7 1.8 -9.8 4.8

Kazoksin B molekulunun hor bir seypinin on asagienerjili konformasi-
yalarinda amintursu qaliqlart daxilindo vo arasinda qarsiligh tosir enerjilori
codval 2-do, onlarin hondasi parametrlori iso codval 3-do, homin konformasiya-
larda atomlarin fozada yerlogmosi iso sokil 1-do gostorilmisdir.

0 - 5.0 kkal/mol enerji intervalina eff seypinin alti konformasiyasi, efe
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seypinin bes konformasiyasi, eef vo eee seyplorinin iki konformasiyasi diisiir.
eef seypinin altt konformasiyasindan doérdiiniin nisbi enerjisi 1.3 kkal/mol-dan
kigikdir. Kazoksin B molekulunun on stabil konformasiyasi eff seypinin B; R
R, R3 konformasiyasidir. Bu konformasiya qeyri-valent va elektrostatik qarsi-
liglt tosir enerjilorino goro olverislidir, geyri-valent qarsiligli tosir enerjisinin
verdiyi pay iso on ¢oxdur (codval 1). Konformasiyanin stabillosmasine Tyrl-in
digor amintursu qaliglar ilo qarsiligh tosir enerjisi (-16.4) kkal/mol, Tyr3-Tyr4
amintursu qaliglar1 arasindaki qarsiliqh tesir enerjisi (-4.7) kkal/mol pay verir
(cadval 2). Bu konformasiyada Tyrl amintursu qaliginin N-H atomu ilo Tyr4
amintursu qaliginin C=0 atomu arasinda hidrogen rabitasi yaranir. Codval 1-do
gostarilon efe seypinin bes konformasiyasinin nisbi enerjisi 3.5 — 4.7 kkal/mol
enerji intervalinda doyisir. Bu seypin on stabil konformasiyasi nisbi enerjisi 3.5
kkal/mol olan B3 R B; B; -dir. Bu konformasiyada geyri-valent qarsiligl tosir
enerjisinin imumi enerjiys verdiyi pay qlobal konformasiyadakina nisbaton
(0.9) kkal/mol godor, elektrostatik garsiligli tosir enerjisinin verdiyi pay (1.6)
kkal/mol godor, torsion qarsiligli tosir enerjisinin verdiyi pay (1.0) kkal/mol
godor azdir. Konformasiyanin stabillosmasino Tyr1-in digor amintursu galiglari
ilo qarsiligh tesir enerjisi (-16.1) kkal/mol, Pro2-nin Tyr3-Tyr4 amintursu qa-
liglart ilo qarsiligh tosir enerjisi (-2.5) kkal/mol, Tyr3-Tyr4 amintursu qaliglar
arasindaki qarsiligl tosir enerjisi (-2.0) kkal/mol pay verir (cadval 2). eef sey-
pinin yalniz iki konformasiyasinin nisbi enerjisi (5.0) kkal/mol-dan kigikdir.
Seypin on stabil konformasiyast B, B R; R;-dir, onun nisbi enerjisi 3.9
kkal/mol-dur. Bu konformasiya geyri-valent garsiliqh tosira goroe yalniz global
konformasiyadan 0.3 kkal/mol qodor geri qalir, elektrostatik qarsiliqli tesir
enerjisino goro on olverigsizdir (codval 1). Konformasiyanin stabillosmosino
Tyrl-in diger amintursu qaliglart ilo qarsiliqh tesir enerjisi (-10.6) kkal/mol,
Pro2-nin Tyr3-Tyr4 amintursu qaliqlar1 ilo qarsiliglt tosir enerjisi (-5.2)
kkal/mol, Tyr3-Tyr4 amintursu qaliqlar1 arasindaki qarsiliqli tesir enerjisi
(-3.7) kkal/mol pay verir (cadval 2). eee seypinin yalniz iki konformasiyasinin
nisbi enerjisi (5.0) kkal/mol-dan kigikdir. Seypin on stabil konformasiyas1 B; B
R Rs—diir, onun nisbi enerjisi 4.3 kkal/mol-dur. Bu konformasiya yalniz di- vo
tripeptid qarsiligli tosir enerjilori hesabina stabillogir.
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Cadval 2

Kazoksin B molekulunun asagienerjili B; R R; R; (U,;=0 kkal/mol,1-ci
satr), B; R B B3 (Up;s=3.5 kkal/mol, 2-ci satr), B, B R; Ry (Up;s=3.9
kkal/mol, 3-cii satr), B; B By B; (U,;s=4.3 kkal/mol, 4-cii satr)
konformasiyalarinda amintursu
qahqlan daxilinds va arasinda qarsihiqh tasir enerjilori

Tyrl Pro2 Tyr3 Tyr4
3.0 338 21 -10.5 Tyrl
2.9 -3.9 -8.6 -3.6
1.9 -5.3 -1.6 -3.6
1.7 -4.9 -4.6 -2.4
0.2 -0.5 -0.7 Pro2
0.2 -1.5 -1.0
0.4 -0.3 -4.9
0.7 -0.2 -2.8
0.9 47 Tyr3
1.8 -2.0
1.4 -3.7
1.4 -2.4
1.8 Tyrd
1.7
2.5
1.3
Cadvel 3
Kazoksin B molekulunun asagienerjili konformasiyalarinin handasi
parametrlori
Amin tursusu B3RR2R3 B3RB1B3 B2BR1 R1 BlBB1B3
Tyrl -81 156 176 -82 145 169 -66 124 178 -69 159 173
-70 103 0 =77 1120 177 76 0 66 90 0
Pro2 -60 -42 180 -60 -41 177 -60 142 179 -60 97 180
Tyr3 -85 -55 -176 - | -86142-179 -61 -36 176 -95 149 180
173 94 0 63 83 0 65 83 0 67 84 0
Tyr4 -89 -62 - -94 140 - -80 -32 - -133 140 -
57 94 0 -60 91 0 60 81 0 -57 91 0
Uis 0 3.5 3.9 43

Qeyd: ikiiizlii firlanma bucaqlarmin giymotlori @, ¥, @, ¥,, ¥, ,... ardicilhig1 ilo verilmisdir.
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b) B;RB,B;
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d) B,BB;B;

Sak. 1. Kazoksin B molekulunun asagienerjili konformasiyalar1

Kazoksin B molekulunun foza qurulusunun dyronilmasi gostarir ki, mo-
lekul elo foza quruluslar1 yigimina malik olur ki, o miixtolif bioloji funksiyalar1
yering yetira bilor vo miixtalif reseptor molekullar ila slagays girs bilor. Ka-
zoksin B molekulunun foza qurulusunun dyronilmosindon alinan noticolor ka-
zoksin A, C molekullarinin foza quruluslarinin tadqiqinds istifads oluna biler.
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TEOPETUYECKUIN KOH®OPMALIMOHHDBIN AHAJIN3
MOJIEKYJIbl KA3BOKCHUHA B

JLH.ATAEBA, II.H.I'AJUKUEBA, H.®.AXMEJ1OB, H A.AXME/IOB

PE3IOME

MeTo/IoM TEOpeTHUECKOro KOH(OPMAIMOHHOTO aHajHu3a HCCieJoBaHa IPOCTpPaH-
CTBEHHAsl CTPYKTypa MoJieKyjbl KazokcuHa B- Tyrl-Pro2-Tyr3-Tyr4. IlorenumansHas ¢yHk-
LUl CUCTEMBI BbIOpaHa B BUAE CyMMBbl HEBAJICHTHBIX, JIEKTPOCTATUUECKHX M TOPCHOHHBIX
B3aUMOJICHCTBUII M DHEPIMU BOJOPOIHBIX CBsi3el. HalineHsl HHM3KodHEepreruyeckue KoHpop-
MaI¥ MOJICKYJIbl, 3HAUCHHS JBYTPAHHBIX yIJIOB OCHOBHBIX M OOKOBBIX LieNeil aMUHOKUCIOT-
HBIX OCTATKOB, BXOSIIUX B COCTaB MOJIEKYJIbI, OLICHEHA SHEPTHs BHYTPHU- U MEXKOCTATOUHBIX
B3aMMOJIEHCTBHNA. BBIIO MMOKa3aHO, YTO TpeXMepHasi CTPYKTypa 3TOW MOJICKYJIBI MOKET OBITh
npeAcTaBiIeHa |5 HU3KOPHEPreTHUeCKHMMHU KOH(OPMALUsIMH, NMONAJafolIMMH B SHEpreTude-
cknit maTepBan 0-5,0 KKa1/MOIIb.

KaroueBble ci1oBa: 3xk30pQHH, KA30KCHH, OTTMOU, CTPYKTYpa, KOH()OpMALHS
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THEORETICAL CONFORMATIONAL ANALYSIS
CASOXIN B MOLECULES

L.N.AGAYEVA, Sh.N.GADJIYEVA, N.F.AKHMEDOV, N.A.AKHMEDOV
SUMMARY

By the method of theoretical conformational analysis, the spatial structure of the
casoxin B- Tyrl-Pro2-Tyr3-Tyr4 molecule was investigated. The potential function of the
system is chosen as the sum of non-valent, electrostatic and torsion interactions and the energy
of hydrogen bonds. Low-energy conformations of the molecule, values of dihedral angles of
the main and side chains of amino acid residues included in the molecule were found, the
energy of intra- and interstate interactions was estimated. It has been shown that the three-
dimensional structure of this molecule can be represented by 15 low-energy conformations
falling within the energy range of 0-5.0 kcal/mol.

Keywords: exorphine, casoxin, opioid, structure, conformation

132



BAKI UNIVERSITETININ XOBORLORI

Ne2 Fizika-riyaziyyat elmlari seriyasi 2021
UOT 539.958
NANOQURULUSLU p-Si/n-ZnSSe HETEROKECIDININ
ELEKTRIK XASSOLORI
E.F.NOSIROV

elshannasirov@bsu.edu.az .
Baki Doviat Universiteti, Fizika Problemlari Institutu

Heterokecidda carayankegma mexanizmini dyranmoak Ucin onun elektrik xassalori 80K-
400K 06lgma temperaturu intervalinda tadqiq olunmusdur. p-Siln-ZnSSe heterokecidinin diziina
istigamatda |-V xarakteristikast tadqiq edilmis, Cenqg metodundan istifado etmoklo ardicil
migavimatin (Ry) qiymati hesablanmig, dV/d(Inl) nin I-dan va H(I) nin I-don asililigr qurulmus,
p-Si/n-ZnSSe heterokegidinin energetik zona qurulusu Anderson modeli ila tasvir olunmugsdur.

Acar sozlor: Heterokecid, coroyankegmo mexanizmi, VAX, VFX.

Yiiksok miigavimoatli vo enli zolaglh xalkogenid yarimkegiricilorin fizi-
kasi, texnologiyast vo texnikast lizro todqigatlar bu maddolorin is1q monbalori,
1s1q gobuledicilari, geyri-xotti optik ¢eviricilar, elektrofotoqrafik tobagolor va s.
yaratmagq li¢iin perspektivli olmalari miioyyon edilmisdir.

Enli zolaqh tabagoloro daxil edilmis yarimkegirici atom morkozlori tigiin
rezonans tunel effektindon istifado olunmasi bu cihazlarin xarakteristikalarini
ohomiyyatli doracodo doyisocokdir. Bu baximdan bu materiallar asasinda iki vo
coxlayli heterokecidlorinin tobagolorin gqalinliginin kigildilmasi, yeni nanoquru-
luslu toboagolordo bas veran proseslorin vo kegid sorhodindoki defektlorin dyro-
nilmasi vo idaro olunmasi ¢ox aktualdir. Heterostrukturlar bahali, miirokkob
kimyovi vo texnoloji cihazlar olsa da daha effektiv hesab olunur. Miiasir elek-
tronika heterokecidlordon istifado olunmasina asaslanir. Siirotli mikro- vo na-
noelektronika heterokecidlor osasinda reallasacaq. Heterokecidlor giinos enerji-
sinin ¢evrilmasinda bahali element va oan ucuz elektrik enerjisi istehsalgisidir
[1,2].

Sink selen (ZnSe) II-VI qrup birlogmasi olan diizzonal1 (Eg=2,7 eV) ya-
rimkegirici material kimi optoelektron sensorlarinda vo heterokecidli giinos ele-
mentlorinds genis totbiq imkanlar1 var. Ondan is1q diodlar1 vo fotodiodlar tigiin
goruyucu va isiglandirict ortiik kimi istifado olunur. Si vo ZnSe matereialla-
rinin osasinda heterokecid hazirlanmasi perspektivli sayilir. Lakin gofos para-
metrlori, istidon genislonmo omsali, ionluq doracasi kimi fiziki parametrlordoki
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forglor miixtolif nov krastillik defektlor yaradir ki, bu da heterokegidin optik vo
elektron xassaloring ziyanli tosir gostororak onlarin istismar miiddetinin azal-
masina sabaob olur [3, 4]. ZnSe-nin optoelektronikaya tam qosulmasi iigiin,
onun Si-osaslt mikroelektronikaya inteqrasiya olunmasina maksimum soy gos-
tormok lazimdir. Bu ciir soylor asason Si/ZnSSe heterokecidinin alinmasinin fi-
ziki va texnoloji osaslarinin dyronilmasine yonalir. Heterokegidde corayankeg-
mo mexanizmini dyronmok li¢lin onun elektrofiziki xassolori genis intervalda
tadqiq olunmusdur.

Eksperiment

Tadqiq edilmis heterostruktur "sendvi¢" qurulusuna malikdir. Onlarin ha-
zirlanmas1 zaman althq (katod) qisminds 0,4+-0,5 mm qalinlight va (100) sim-
metriya oxuna malik monokristallik Si 16vholorindon istifado edilmisdir. p-Si-
un xiisusi miigavimati miivafiq olaraq 8+20 Om-sm-o barabor olmusdur. Anod
materiali kimi molibden l6vhasindan istifads edilmisdir. Miixtalif mexaniki de-
fektlorin, nazik oksid tobogolorinin vo basqa ¢irklonmolorin konarlagdirilmasi
magsadils silisium althiglar avvalco HCI-da, daha sonra iss KOH + KNO (1:3)
qarisiginda 250-500 °C temperaturda, is¢i mohlula salinmazdan ovval gabag-
cadan toyin edilmis rejimo uygun olaraq agindirilmigdir.

Elektrokimyavi ¢okdiiriilmo prosesi bizim torofimizdon otaq temperatu-
runda xiisusi kvars qabda silisium lovhalorinin iizerinds yerino yetirilmisdir.
kimyovi mohlulun optimal torkibi asagidaki kimi secilmisdir: 1:12:500
(1,5+2,2x10° M Zn(CH;000),, 1,5+2x10° M Se0,, 0,01+0,02 M Na,S,0s,
1,05 M NH4OH).Alinmis nazik tobagolorin torkibi 0<x<0,5 diapazonunda do-
yisir vo ona kimyovi, termik vo rentgen analizlori ilo nozarat edilir. Miixtolif
niimunalar ii¢lin onlarin qalinlig 2 um-9 barabordir. Nazik tabagalor n-tip kegi-
ricilik gabiliyyatino malikdir; bu, termo-e.h.q.-nin isarasino géro miioyyon edil-
migdir.

Nazik tobogolorin struktur xarakteristikalar1 Rigaku D/Max-IIIC rentgen
difraktometrindon istifado edilmoklo 20+70 skanlama bucagi diapazonunda
mioyyon olunmusdur. Sothin morfologiyasi, niimunonin stexiometriyasinin
keyfiyyot 6l¢molori skanlayici elektron mikroskopunun komoyi ilo miioyyon
edilmisdir. Nazik tobogonin strukturu haqqinda informasiyanin alinmasi {i¢iin
Rentgen stialariin difraksiyasinin (XRD) sokillori tohlil edilmisdir. Cd;xZnyS
nazik tobogosinin struktur analizi rentgen difraktometrinin kémoyi ilo 20+70
skanlama bucag1 diapazonunda aparilmisdir. Miioyyan edilmisdir ki, Cd; xZn,S
nazik tobogolori polikristal tabioto malikdir voa RD todqiqatlarindan tapildigi
kimi, giliclii surotdo iistiin olaraq (002) miistovisi boyunca heksaqonal kristal
qurulusunda boyliyiir.

80K-400K 6lgmo temperaturu intervalinda strukturun voltamper xarakte-
ristikas1 gokil 1-do gostorilmisdir. Bu xarakteristikalar ailosi gostorir ki, P-Si
althgr ilo n- ZnSSe tobogosi arasinda heterokecid formalagsmisdir. Termoelek-
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tron emissiyasi (TE) nozoriyyasino gors diiziino coroyanin gorginlikdon asililigi

[5]

I= L[S -1 M
tonliyi ilo ifads olunur. Burada
Is = AeprA”T?exp(—qp/kT) )

Diisturlarda g - elektronun yiikii, n - geyri idealliq omsali, k — Bolsman
sabiti, T —miitloq temperatur, I;- doyma corayani, A - en kosiyin sahasi, A* -
Rigardson sabiti, ¢p- potensial ¢coparin hiindiirliiyiidiir. n - qeyri idealliq amsali
corayanin ifadasindon bels toyin olunur:

n=(q/kT)[dV/d(Inl),V; =V —IR,I = I;exp[q(V — IR) /nkT]

V = RAgss] + ngpp + (n/B) In(J/A*T?) B =q/kT.

2t = RAegr] +5H() =V = (/B I(J/A T2 ) H() = RAesy] + s (3)

On kicik kvadratlar metodu ilo Lni-U grafiklorinin garginliyin 0,2-0,8V
giymatlori intervalinda ordinat oxuna approksimasiya ilo miixtolif temperatur-
larda Is doyma carayaninin qiymeti tapilmis vo potensial ¢oparin hiindiirliyii
hesablanmigdir. Otaq temperaturunda potensial ¢oporin hiindiirliyii 0,83 eV
togkil etmis vo temperaturun 80 k- godor azalmasi ilo 0,075 eV qgodor kigil-
misdir.

p-Si/n-ZnSSe heterokegidi tigiin idealliq omsali 300K-ds 2,8 olmast gos-
torir ki, heterokecid Si althigr ilo ZnSe arasinda soht hallarinin mévcud oldu-
guna goro idealligdan uzaqdir. p-Si/n-ZnSSe heterokecidinin diiziins istigamaot-
do I-V xarakteristikasinin Cenq metodundan istifado etmoklo R,-nin qiymoti
hesablanmis, dV/d(Inl)-nin I-don vo H(I)-nin I-don asililig1 qurulmusdur.
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Sak. 1. p-Si/n-ZnSSe heterokegidin normal (a) ve yarimloqarifik (b) koordinatda volt-
amper xarakteristikalari, T, K: 1-350, 2-300, 3-250, 4-180, 5-80.
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R,-nin giymeti Cenq metodu ilo diiziino gorginliyin qiymatlorindon he-
sablanmisdir. dV/d(Inl)-nin ceroyandan asililiginin meylino gérs R, vo Y oxu
ilo koasismosino goro nkT/q toyin olunur (sokil 2a). H(I) - I asililiginin Y oxunu
kosdiyi ndqte negp verir ki, buradan n-nin qiymatini tapiriq (sokil 2b). Bu asi-
liligin meylino goéro do R,-n1 giymoatlondirmoyin ikinci metodu sayilir. Hor iki
metoddan alinan naticalorin yaxinligi bu yanagsmanin uygunlugunu gostorir. R,-
nin dV/d(Inl) -1 vo H (I) -I asililiglarinin har ikisindon alinan qiymat eyni olub,
10°Q-0 barabardir n, ¢, vo Rs-in qiymatlori temperaturdan koskin asilidur.

4.54
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1.24 3.5
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= 034 = 2]
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0.44 151
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Sak. 2. p-Si/n-ZnSSe heterokegidi tigiin dV/d(Inl)-I (a) ve H(I)-I (b) asililiglari, T, K: 1-
350, 2-300, 3-250, 4-180, 5-80.

Diiziino istigamotdo, kigik gorginliklordos, todqiq olunan temperatur inter-
valinda caroyan I = kV™ ganunu ilo ifads olunur (sokil 3). Cox kigik gorginlik-
lordo coroyan gorginlikdon xotti asilidir. Orta gorginliklordo (ikinci oblastda)
qeyri-xatti oblast termoelektron emissiyast mexanizmina uygun golir. Garginli-
yin 0,8V-dan boylik giymatlorinds hacmi yiiklorlo mohdudlanan coroyan mexa-
nizmind uygun giiclii injeksiya miigahids olunur (m=2,4). Hocmi yiiklor oblas-
tinda vo ya ke¢id sorhodindo dorin morkozlordo rekombinasiyanin tunel kegid-
lori hesabina giiclonmosino osaslanan bu ciir yeni yanagsma son zamanlarda
CIGS osash gilinos elementlorindo coroyanin birbasa dasinmasi ii¢lin totbiq
olunmusdur. (1) tonliyini bu soklo salmagla

nin(Js) = Eq/kT + nin(Joo) “4)

nlnJ - 1/KT asithiligi diiz xott verir ki, onun meylindon E, aktivlogsmo
enerjisi ticlin 1,3 eV tapilmisdir.

e

=124

Lul, (A}

=16
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Sok. 3. p-Si/n-ZnSSe heterokegidinin miixtalif temperaturlarda loqarifmik miqyasda

VAX-IL, T, K: 1-350, 2-300, 3-250, 4-180, 5-80.
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Bu giymot ZnSe -nin gadagan olunmus zonasiin enindon ki¢ikdir (Eg =
2,71 eV) vo onun desiklor ii¢lin potensial ¢opora uygun goldiyini qobul etmok
olar. Bundan basqa, desiklorin Si-un daxilindon kegid sorhoadino tunel kegidi vo
delektronlarla rekombinasiyasi idealliq amsalinin temperaturdan asagidaki so-
kildo asililigina gatirir.

n = (Ego/kT) coth (Ego/kT) (5)
burada E,, - rekombinasiya prosesindo tunel kegidlorinin payini1 xarakterizo
edon tunel enerjisi heasab olunur. ©gor neytral hocmds tolo soviyyelorindon re-
kombinasiya istiinliik togkil edirso, n-nin temperatur asililigi bu sokildo olar
[6]

1/n=1/2(1+T/T* — E3,/3k*T?) (6)
Burada kT* - tolo soviyyalarinin eksponensial paylanmasinin xarakterik enerji-
sidir. Toklif olunan rekombinasiya kanalinin dogrulugu idealliq amsalinin tem-
peratur asililigia goro yoxlanilir. Bu asililiq tocriibi olaraq qurulmus (sokil 4)
(5) diisturuna goro alinmis nozori ifadosilo yaxst uzlasir. Tunel enerjisi tigiin
alinmis qiymot Eyy = 95 m3B toskil edir.
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Sak. 4. p-Si/n-ZnSSe heteroke¢idi ii¢iin nlnJ; kamiyyatinin temperatur asililig
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Sak. 5. p-Si/n-ZnSSe heteroke¢idinin Q/ idealliq amsalinin temperatur asililiglart

Tadqiq olunan heterokecidin tutumu otaq temperaturunda,1 MHs tezlikdo
totbiq olunan gorkginlikdon asililigi 6l¢iilmiisdiir. 1/C*nm gorginlikdon asililiq
grafiki sokil 6-da gostorilmisdir.

Elektronlarin konsentrasiyasinin 1/C*-U asililigimin meylino goro hesab-
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lanmis qiymoti otaq temperaturunda 3,16 x 10" cm™. Vy; potensial ¢oparin
hiindiirlityliniin qeyd olunan asililigin gorginlik oxu ils kasisma ndqtesindan ta-
pilmis qiymati 0,89 eV toskil edir. C-f variasiyas1 Sokli-Rid-Holl miinasibatino
gora elektronlar: tutulub buraxilma prosesi ilo yaxsi izah olunur. Sakil 7-ds bes
mixtolif temperaturda tutum vo kegiriciliyin tezlikdon asililiq oyrilori gos-
torilmisdir. Asagi tezliklordo (<10 xHs) keciricilik faktiki doyismir, lakin yiik-
sok tezliklordo (> 100 xHs) koskin artir.

Sx10™

o 1 MHz

5
17 4
6x10™ : : 3
h - :
g 2
= dx10™ 1
o
=
= 20
o T
10 . ] Pt ]
Tezlik, Hs Tezlik, Hs

Sok. 7. p-Si/n-ZnSSe heteroke¢idinin tutumunun (a) vo kegiriciliyinin (b) tezlikdon
asililiq xarakteristikalari

Defektlorin Eg-yo yaxin soviyyelori yiikdasiyicilar1 tutub buraxmagqla ke-
ciriciliyi doyige bilir.

Sokil 8a vo 8b-do gostorildiyi kimi dC/d(Inw) va dG/dw asilihiq ayri-
lorinds piklorin voziyyati, asason do, xarakterik tezliyin qiymaoti temparaturun
artmasi ilo daha boyiik qiymatlora dogru siiriisiir.

2 5™ 2.0x10° - 1
- ] - 2
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Sok. 8. p-Si/n-ZnSSe heterokegidinin tutumunun (a) vo kegiriciliyinin (b) tezlikdon
asililiq xarakteristikalar1
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Sokil 9 a,b-do In (wy/T?)-nin 1/T-don asililigi, Arrenius qrafiki gdsto-
rilmisdir. Xarakteristik tezliklo (w,) temperatur arasinda alaqgo [6, 7]:

Wo = foTzeXp [— (Ex — Ey)/kT] (7
$o = 20vip Ny ®)
In (wo/T?) = In§y — (E — Ey)/kT ©

v, — desiklorin orta istilik siirati, Ny, -valent zonasinda effektiv hal sixligt, o, —
tutma en kesiyidir. Si material iiciin v, 1,1 x10” sm /s vo Ny = 2,65 x 10"
sm”. Energetik soviyyonin (E; — E},) dorinliyi vo tutma en kosiyi uygun olaraq
grafiklorin meylindon vo 1/T oxu ilo koasismo ndqtosindon tapilir. Defektlorin
energetik soviyyosi tigiin dC/(dlnw) vo dG/dw asililiglarindan tapilan qiymot -
0,05,0la bilsin ki, bor asqarlarinin Si-da yaratdigi akseptor soviyyesi ilo
baghdir.

2.8
3.44

— (a) - (b)
-1 - Lo}
= ] =
~ 3.2 ---.éz.ﬁ
8 1 C]
e 4 L
= b =
= 3.04 ~ 2.4

2.6 3.0 3.4 2.6 3.0 34

1000/T, K ! 1000/T, K !

Saok. 9. p-Si/n-ZnSSe heterokecidinin xarakteristik tezliyinin C-f vo G-f ayrilorindon
tapilmus qiymotlori igiin In( @,/ T?) kemiyyotinin temperatur asililig:

p-Si / n-ZnSSe heterokecidinin energetik zona qurulusunu Anderson
modeliyla tosvir etmok olar (sokil 10). Silisium althig1 ilo ZnSSe tobogosi ara-
sinda tunel soffaf silisium oksid tobogasi ola bilor. Bu diaqramda Si vo ZnSe-
ninqadagan olunmus eninin (Eg) qiymatlorinin uygun olaraq 1,11 eV va 2,71
eV gotiiriilmiisdiir. Homin materiallarin elektrona horislik enerjilori 4,30 eV vo
4,09 eV toskil edir. Sokilds gostorildiyi kimi, kegirici zonada kesinti AEc =
(ZnSSe) - x (S1) = 0,21 eV, valent zonasinda iso AEy = E, (ZnSSe) - E, (S1) -
AEc = 1,39 ev-dur.
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= g -

¥iZnSa) = 4,09 oV

E. . -
Sak. 10. p-Si/n-ZnSe heterokecidinin enerji diagrami
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JIEKTPUUYECKHUE CBOMCTBA HAHOCTPYKTYPUPOBAHHOI'O
T'ETEPOIIEPEXOJA p-Si/n-ZnSSe

9.0.HACHUPOB
PE3IOME

ZIJ'IS[ N3Yy4YCHUS MEXaHMU3Ma TOKa B T'C€TCPOINEPEXOAE HMCCICAOBAHbI €T0 JJICKTPUIYCCKHUC

cBoMcTBa B auanazone temmepatyp usmeperus 80-400 K. MccnenoBana BAX reteponepexoaa
p-Si/n-ZnSSe B mpsiMOM HampapieHWH. 3Hau€HHE IMOCIe0BaTeIbHOr0 conporuBieHus (Ra)
paccunTano no meroay Yenra, Obuto yctaHoBieHo 3aBucumocts dV/d(Inl) ot I m H(I) ot L
CTpyKTypa 3HEpreTHYecKkoil 30HBI rereporiepexona Si/n-ZnSSe ommchIBalICS MOIENBIO AH-
JIepCOHa.

KuroueBblie ciioBa: rereponepexos, Mexanusm nepegauu Toka, VAX, VFX.
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ELECTRICAL PROPERTIES OF NANOSTRUCTURED
p-Si/n-ZnSSe HETEROJUNCTION

E.F. NASIROV
SUMMARY
To study the mechanism of the current in the heterojunction, we investigated its
electrical properties in the measurement temperature range 80-400 K. The I — V characteristic
of the p-Si/n-ZnSSe heterojunction in the forward direction was investigated, the series
resistance (R;) was calculated by the Cheng method, and was established the dependences
dV/d(Inl) from I and H (I) from I. The structure of the energy band of the Si n-ZnSSe

heterojunction was described by Anderson model.

Keywords: heterojunction, current transfer mechanism, VAX, VFX
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STRUCTURE AND PHOTOLUMINESCENCE PROPERTIES
OF ZnS AND Ag,S BASED NANOSYSTEMS
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This study focuses on the various strategies in the preparation, structure, and pho-
toluminescence of semiconductor nanomaterials. The particle's mean size in each synthesis
approach was adjusted via variation of concentrations of initial aqueous solutions and varied
at the large range of nanometric scale (~20-80 nm). The surface morphology of nanomaterials
was investigated via Atom Force Microscopy, Scanning Electron Microscopy methods. Mo-
reover, Infrared Spectroscopy, Photoluminescent Spectroscopy were used to study the interface
of the nanoparticle and surrounding stabilizing medium.

Keywords: semiconductor nanoparticles, polymer nanocomposites, core-shell like
nanostructures, matrix isolation technique, cation exchange method, hydrothermal process,
combination of ultrasound and microemulsion techniques

1. Introduction

Synthesis and investigation of monodisperse semiconductor sulfide nanopar-
ticles (e.g. PbS, CdS, ZnS, Ag,S) with various structures and morphologies
have been intensively studied for various applications. However, nanometer-
sized particles indicate novel optical, electronic, and thermodynamic properties
that differ from their bulk state characteristics. These unique properties allow
us to prepare materials with linear and nonlinear optical, fluorescent properties
for electronic technology applications (Ramazanov et al., 2019; Ramazanov et
al., 2019; Ramazanov et al., 2019). One of the main problems of the synthesis
process of nanoparticles is their size control issue which can be solved via
polymer stabilizers (Ramazanov et al., 2018; Ramazanov et al., 2017). In this
approach, the characteristics of the obtained nanocomposites are conditioned
either by the properties of inorganic nanoparticles and the polymer matrix (Li
et al., 2010). Another method is using inorganic substances as stabilizers or
cover materials (Kudera et al., 2016). In this case, the chemical nature of the
coating material can significantly influence the growth and structure of the
nanoparticles during the synthesis process. Both approaches can allow to get

142



hybrid materials with a wide range of novel properties and guide the sizes of
nanoparticles, as well.

The most famous representatives of semiconductor sulfide nano compounds
are ZnS and Ag,S. Nanocrystalline ZnS particles are characterized with a wide
bandgap value which allows using them for optical purposes, for instance, as a
luminophore material (Torimoto et al., 2007). The fact that Ag,S nanoparticles
have a narrow gap zone makes them a potential substance for photoconductors
and solar cells (Xiaodong et al., 2008).

There are numerous studies related to the synthesis and the investigation of the
properties of heterogeneous structures, as well as nanocomposites based on the
ZnS and Ag,S nanoparticles. Novel, fast, and commercially available features
of synthesis technologies such materials are rather a necessary issue. Moreover,
controlling particle sizes and their distribution are important aspects, as well
(Murugadoss et al., 2015; Reddy et al., 2007; Su et al., 2008; Li et al., 2018;
Zhang et al., 2016).

The study develops simple and effective technologies for obtaining nanocom-
posites based on PP/ZnS, PP/Ag,S, and Ag,S/ZnS, as well as Ag,S, ZnS po-
rous nanoparticles. Besides, the structural characterization and optical pro-
perties of the synthesized nanosystems were investigated.

2. Materials

Isotactic polypropylene (PP) powder (M 250000g/mol) with a particle size of
0.5-1.0um, nitric acid silver (I) (AgNO;), zinc sulfate heptahydrate
(ZnSO4-7H,0), zinc acetate dihydrate (Zn(CH3COO),-2H,0), sodium sulfide
nonahydrate  (Na,S-9H,0O), toluene (C;Hg), sodium lauryl sulphate
(NaC,,H25S0y), deionized water. All chemicals are of analytical grade and not
require further purification.

3. Methods

3.1. Synthesis of PP/ZnS Nanocomposites

The PP/ZnS nanocomposite materials were prepared via the matrix isolation
technique: ZnS nanoparticles were formed by chemical reactions in a polyme-
ric matrix (Magerramov et al., 2010; Magerramov et al., 2010). The advantage
of this method is the incorporation of the nanoparticles in the bulk of the
polymeric matrix directly in the state of their synthesis process, which makes it
a relatively simple approach. Firstly, a certain amount of the polypropylene
(PP) powder was mixed with the 50 ml of the ZnSO4 solution with a con-
centration of 0.1 M. The resulting mixture was placed into a magnetic stirrer
for an hour, at room temperature. Subsequently, the powder was filtered and
dried in the vacuum oven for a day at the 60°C for evaporation of the excess
solvent. Next, the dry powder was mixed with 50 ml of the Na,S-9H,0 so-
lution with a concentration of 0.1 M. Next, it was again placed into the mag-
netic stirrer for an hour. The filtration and drying processes were repeated
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similarly. Afterward, at a melting temperature of PP and 10 MPa pressure for 5
minutes by hot pressing PP/ZnS films were prepared (Sample I).

Other samples of the powder and film were obtained using solutions of ZnSO4
and Na,S-9H,0 with concentrations of 0.5 M (Sample II) and 1 M (Sample
III) respectively. The film color varied with the concentration value: from light
brown for samples with low ZnS content to brown for systems with a high
content of the inorganic component.

3.2. Synthesis of PP/ Ag,S Nanocomposites

PP/Ag,S nanocomposite materials were obtained via a combination of two
synthetic methods — ultrasound and microemulsion techniques. The reaction
flask in which the reaction is conducted under the influence of ultrasonic ra-
diation was purged with nitrogen to displace air. Aqueous solutions of AgNO;
and Na,S-9H,0 salts with a concentration of 0.0025 M were prepared. Then,
0.5 g of PP powder was dissolved in 50 ml of toluene. 1 ml of the appropriate
aqueous solution of the salt in the presence of 0.05 g of sodium lauryl sulfate
was mixed with 25 ml of toluene/PP. Each water microemulsion (solu-
tionl)/toluene+PP and (solution2)/toluene+PP were sonicated for 20 min (0.6
cm diameter; Ti-tip; 20kHz; 60W/cm?) at 300°C temperature supported by a
cooling bath. Then, a microemulsion containing (solution2)/PP+toluene was
slowly added dropwise into water microemulsion (solutionl)/PP+toluene at
300°C temperature and an ultrasonic treatment carried out for 30 minutes. At
the end of the reaction, the color of the microemulsion turned dark grey that
proved the formation of silver sulfide nanoparticles. The resulting dispersion
containing nanoparticles of silver sulfide and polypropylene were subjected to
vacuum evaporation for excess solvent and the product was poured onto a glass
plate to form a polymer film at room temperature. By hot pressing at a melting
temperature of PP and 10 MPa pressure for 5 minutes period film samples are
produced from this nanocomposite sample (Sample IV). Other samples of the
powder and film were obtained using solutions of AgNO; and Na,S-9H,0 with
concentrations of 0.005 M (Sample V) and 0.01 M (Sample VI) respectively.

3.3. Synthesis of Porous ZnS and Ag,S Nanospheres

ZnS nanoparticles were prepared by the hydrothermal process (Li et al., 2018;
Zhang et al., 2013). Briefly, 0.005 M solutions of Zn(CH3;COO),-2H,0 (I) and
Na,S-9H,0 (II) were prepared and each stirred with 0.01g NaC;,H»5SO4. Then,
solution II was added drop-wise to the solution I under sonication for 10 min.
Then, the white, clear dispersion was centrifuged for 5 min at 3200 pm and
filtered. Finally, the precipitate was washed several times with ethanol and
dried in a vacuum oven at 60°C (Sample VII). Ag,S nanoparticles were
prepared by the hydrothermal process, as well. In this case, the concentrations
of initial solutions of AgNO3 and Na,S-9H,0 salts were 0.01 M and 0.005 M
respectively (Sample VIII). The following stages of the synthesis process were
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carried out in a similar way that described above.

3.4. Synthesis of Ag,S/ZnS Nanocomposites

Ag,S/ZnS nanocomposites were synthesized via a cation exchange method that
consists of two steps. It is known that the solubility product constants Ksp of
AgS and  ZnS substances differ from each other (KAgS=1x107,
KZnS=1x10%) (Dean & Lange, 1999). Due to these features in the formation
process of the nanocomposite, ZnS nanoparticles function as core which is
coated by Ag,S nanoparticles and act as reaction precursors, as well.

Ag,S/ZnS nanostructures were obtained via water solutions of ZnS and AgNO3
with concentrations of 0.005M and 0.01M, respectively. For the coating of the
ZnS nanoparticles with the Ag,S nanoparticles, the water solution of AgNO;
salt was added to the ZnS salt solution and mixed in a magnetic stirrer for 5
hours. Further, the sample was washed several times with ethanol and distilled
water, then dried in a vacuum oven at 60°C (Sample IX).

4. Results and Discussion

4.1. Structural Characterization

The structure of the obtained PP/ZnS nanocomposites depending on the sizes
of semiconductor particles was studied via IR Specstrocopy in the spectral
range 4000 ... 500 cm™, at room temperature. IR spectra were determined both
for PP film and nanocomposites based on them (Figure 1).

fﬂ‘/\"\.m f"""’ \\ ) ’J: i”m\\,\\_ . lr.m‘

Fig. 1. IR spectra of the pure PP (1) and PP/ZnS nanocomposites:
Sample I (2), Sample II (3) and Sample I1I (4)

The PP spectrum contains a band at the 2352 cm ' with weak intensity, that is
not observed in the spectra of nanocomposite samples. The presence of this
band in the spectrum makes it possible to interpret a qualitative analysis.
However, it is assumed that this vibration is typical for polypropylene atoms
localized on individual bonds, structural fragments, or groups. The position and
intensity of the bands observed at the range of 660-750 cm™' in the spectra of
nanocomposites PP/ZnS can be attributed to the presence of a low weight
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molecular compound in a macromolecule.

The band 2880 cm ' with high intensity in the spectrum of pure PP which is
identified as the symmetric stretching vibration of CH; groups distorted to
2848 cm ' for Sample I. For Sample IT and Sample III, this appears at 2832
cm™ and 2944 cm™ respectively. It could be associated with the changes in the
distances between atoms that are observed during the transition of symmetric
stretching vibrations of CH3 groups to the CH, groups. Moreover, the in-
tensity variation of the absorption bands at 1168, 1256, and 1304 cm™ are
associated with an increase in the amount of ZnS nanoparticles in the polymer
matrix.

Synthesized nanostructures surface morphology and their dimensions were
evaluated via scanning atomic force (AFM) and electron microscopy (SEM).
Figure 2 shows 2D AFM images of PP/ZnS nanocomposites obtained via
various concentrations of initial solutions.

i
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Fig. 2. AFM images of PP/ZnS nanocomposites: Sample I (1), Sample II (2) and Sample III (3)

The experimental results showed that with an increase of the initial solution
concentrations, the sizes of ZnS nanoparticles in the PP matrix rise. However,
in the process of cluster formation, ZnS nanoparticles began to merge into the
center of the crystallization of the nucleus. This, in our opinion, occurred
because, with an increase of the concentration value of the initial solutions, the
majority of the Zn*" and S* ions are spent on the coagulation of the early
particles rather than on the formation of new nuclei.

Particles with approximate sizes of 25-40 nm were formed at the low 0.1 M
concentrations of the initial solutions (Sample I), while nearly 50-55 and 70-90
nm sizes of nanoparticles were generated with the concentrations of the initial
solutions of 0.5 M (Sample II) and 1 M (Sample III), respectively (Figure 3).
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Fig. 3. Dimensions of ZnS nanoparticles in PP/ZnS nanocomposites: Sample I (1),

Sample II (2) and Sample I1I (3)

Also, the distribution histogram surface structural elements of nanocomposite
material in a partlcular field obtained for Sample 1 (Figure 4).
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Fig. 4. Histogram of the structural elements of the nanocomposite image (Sample I)

Figure 4 indicates that the average surface roughness of nanocomposite is
14.97 nm. Moreover, the distribution of the Fourier analysis showed that ZnS
nanoparticles are uniformly spread in the polymer matrix.
The morphology of the nanocomposite PP/Ag,S and the size of distributed
Ag,S nanoparticles were also examined via AFM analysis. Figure 5 shows the
2D AFM images of the surface nanocomposites PP/Ag,S, obtained at

various concentrations of the initial solutions.
1 2
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Fig. 5. AFM images of PP/ AgZS nanocomposites: Sample IV (1),

Sample V (2), and Sample VI (3)
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AFM study showed that with increasing concentration of the initial solutions in
the polymer matrix the size of Ag,S nanoparticles rises. Moreover, it was indi-
cated that the size of Ag,S nanoparticles changes in the intervals of nearly 20-
60 nm.

Figure 6 exhibits the distribution histogram surface structural elements of na-
nocomposite materials in a particular field.
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Flg. 6. Hlstogram of the structural elements of the PP/Ag,S nanocomposite images:
Sample IV (1), Sample V (2) and Sample VI (3)

AFM study showed that the square roughness variation of the nanocomposites
related to their synthesis characterization. However, in the the formation pro-
cess of Ag,S nanoparticles in polymer matrix the increasing concentrations
of the initial salts led to changing of the surface morphology and sizes, as
well. It is clear from Figure 6 that the roughness of structural elements varies
at the spans of 20-40 nm, 40-60 nm, and 60-80 nm for Sample IV, Sample V,
and Sample VI respectively. It is assumed that in the process of the formation
of clusters Ag,S nanoparticles merged and increased in the primary formed
center of crystallization. However, the the minority of the Ag™ and S* ions
were play role in the formation of new nuclei centers. SEM study of
nanocomposites also allowed to determine that Ag,S nanoparticles had a
spherical shape and their distribution was uniform in the PP matrix (Figure 7).

Fig. 7. SEM images of PP/ Ag,S nanocomposites:
Sample IV (1), Sample V (2), and Sample VI (3)
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Shape and size distribution of ZnS (Sample VII) and Ag,S (Sample VIII)

nanoparticles were investigated via the SEM analysis method (Figure 8).
1 2

Fig. 8. SEM of images of Sample VII (1) and Sample VIII (2)

Electron microscopic examination of nanocomposites demonstrated that the
shape and size distribution of nanoparticles were uniform and homogenous.
SEM examination showed that the size of the spherical ZnS nanoparticles
changed in the range of 10-20 nm, while for ellipsoidal Ag,S nanoparticles it
was about 25-50 nm. Moreover, all synthesized nanoparticles were monodis-
persed.

Figure 9 shows the microstructure, shape, and size of Ag,S/ZnS nanocomposite
(Sample IX) at various magnifications.

Fig. 9. SEM images of Sample IX at various zooming: 30K (1), 100K (2)

At low magnification (30K) it is possible to observe relatively large particles
with a size of about 50-90 nm, while at high magnification the size of formed
nanoparticles is rather smaller, nearly 20-40 nm. Consequently, SEM analysis
demonstrated that the size of the nanoparticles in Ag,S/ZnS nanocomposite
was approximately 25-90 nm.
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According to the results of the studies, it can be said that Ag,S nanoparticles
were formed on the surface of ZnS nanospheres, and products had like core-
shell structure. These results are consistent with the literature data (Muru-
gadoss et al., 2015).

4.2. Optical characterization
The photoluminescence (PL) of ZnS nanoparticles in the PP matrix was
investigated, as well. Spectra for all samples were recorded in the range of 330-
700 nm and the samples were excited at wavelength A=320 nm at room
temperature. Figure 10 shows the photoluminescence spectra of PP film and
nanocomposite samples obtained from various concentrations of initial ZnSO4
and Na,S-9H,0O solutions.
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Fig. 10. PL spectra of the pure PP (1) and PP/ZnS nanocomposites: Sample 1 (2),
Sample II (3), Sample III (4)

It has been established that with the introduction of ZnS nanoparticles into the
PP matrix, new maximums are formed. Moreover, it can be seen that with an
increase of the concentration of the initial solutions, the fluorescence spectra of
nanocomposites change: at the concentration of 0.1 M the maximum is ob-
served at Am,x=394 nm, and a further increase in the sizes of the nanoparticles
leads to a shift of the maxima towards a longer wavelength (for 0.5 M and 1 M
concentrations peaks are observed at Ayn.x =401 nm and Ay,.x=408 nm respec-
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tively). The effect of nanoparticle sizes on optical spectra was found for many
types of semiconductors (Henglein, 1988; Koole et al., 2014) and is associated
with the existence of the quantum size effect. Since in semiconductors the
intermolecular interaction energy is high, in describing the electronic properties
a macroscopic crystal can be considered as one large molecule. The electronic
excitation of semiconductor crystals leads to the formation of a weakly bound
electron-hole pair. The delocalization region of such a pair of compounds can
be larger than its crystal lattice constant in several times. A decrease in
semiconductor crystal to sizes comparable with the delocalization region of an
electron — hole pair affects its electronic characteristics. A vivid example of
such an effect is the “blue shift” of the photoluminescence spectrum of a
semiconductor crystal with a decrease in its size.

Moreover, high filler concentration and size lead to the decrease of the cha-
racteristic maximum (Am,x=382 nm) intensity of the polymer. This is due to the
modifying effect of the filler on the polymer. However, this effect of nano-
particles possesses an electrical nature; it can be assumed that charged na-
noparticles, distributed in the bulk of the polymer matrix, due to the orien-
tational and adsorption interaction of phases at the polymer-filler interface can
cause molecular ordering processes in the amorphous phase of the polymer.
The orientational and adsorption effect of nanoparticles on the polymer in its
turn leads to a decrease in the intensity of photoluminescence spectra.
Photoluminescence spectra for PP/Ag,S nanocomposites were studied in the
wavelength range 300-700 nm and excited at wavelength A,=220 nm. Figure
11 shows the photoluminescence spectra of the nanocomposite samples
obtained from various concentrations of initial AgNOs; and Na,S-9H,0
solutions.
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Fig. 11. PL spectra of the PP/Ag,S nanocomposites:
Sample IV (1), Sample V (2), Sample VI (3)
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In steady-state luminescence spectra observed major band with A,,x=530 nm,
Amax=339 nm, Apax=568 nm, An,=602 nm, which are responsible for the Ag,S
nanoparticles. It is seen that with increasing concentration of Ag,S the am-
plitude of the photoluminescence peak at the wavelength decreases. A signifi-
cant decrease of the luminescence intensity at high concentrations and sizes of
the nanoparticles possibly due to the phenomenon of concentration quenching
and decrease of the specific surface of the nanoparticles in a polymer matrix. It
is assumed that the reduction of the intensity of the luminescence at high
concentrations can also be interpreted as a result of the electron-hole transfer of
excitation from one cluster to another due to the electric interaction.
Photoluminescence spectra (Figure 12) of synthesized ZnS, Ag,S nanopar-
ticles, and Ag>S/ZnS nanocomposite were examined at room temperature, and
the excitation wavelength

was Aexy=320 nm.
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Fig. 12. PL spectra of synthesized nanosystems:
Sample VIII (1), Sample IX (2), and Sample VII (3)

According to the ZnS nanoparticles spectra, a maximum at 438 nm was
observed in the visible region (3). This emission maximum is related to the
recombination of electrons from the sulfur vacancy donor level (VS) with holes
in the valence band. The next part of the spectrum from 500 nm pertains to Zn
vacancies (Karar et al., 2004).

Following the formation of the Ag,S nanoparticles on the surface of ZnS ones,
the intensity of the emission spectrum of the formed composite decreases. This
occurs due to the improved electron transfer between ZnS and Ag,S nano-
particles, involving the recombination of electrons and holes reduction. The
formation of Ag,S/ZnS nanocomposite thus reduces both electron and holes
recombination (Huang et al., 2018, Li et al., 2018, Wang et al., 2014). The
maximum at the wavelength of 402 nm is related to the recombination of sulfur
atoms. Also, increasing the thickness of the interphase layer causes the
formation of surface traps and crystallographic defects (Dorfs et al., 2008;
Ghosh Chaudhuri and Paria, 2013; Zhang et al., 2013).
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5. Conclusion

Semiconductor nanoparticles and nanocomposite materials were successfully
synthesized by hydrothermal process, matrix isolation technique, the combina-
tion of ultrasound and microemulsion methods, and cation exchange method.
The main feature of these methods is the simplicity of the synthesis process
and controlling of size nanoparticles and their distribution. Moreover, synthesis
technologies of polymer nanocomposites were provided to form homogeneous
semiconductor nanoparticles in a polypropylene matrix. All samples were cha-
racterized using various analytical techniques including AFM, SEM, IR, and
PL. It was dedicated that the high concentration value of precursors in polymer
nanocomposite synthesis methods allowed to get comparable large particles
that imposed morphology of the system and PL properties, as well. Also, the
optical characterization of the semiconductor nanoparticles with their core-
shell like nanocomposites was explained via their electronic features.
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ZnS va Ag,S OSASLI NANOSISTEMLORIN QURULUSU VO
FOTOLUMINESSENSiYA XUSUSIYYOTLORI

S.Q.NURIYEVA, A.H.KORIMOVA
XULASO

Todqiqat isi yarimkecirici nanomateriallarin sintezi, qurulusu vo fotoliiminessensiya
xiisusiyyatlorinin 0yranilmasi istigamotinde miixtalif strategiyalart oks etdirir. Sintez proses-
larinds hissaciklarin orta 6lgiisii ilkin sulu mahlullarin qatiliglarinin dayigmasi ils tonzimlonmis
va genis tortibde (~20-80nm) doyismisdir. Nanomateriallarin sath morfologiyast atom qiivva
mikroskopiyasi, skanedici elektron mikroskopiyasi iisullari ilo tadqiq edilmigdir. Homginin,
stabilogdirici miihit ilo nanohissaciklor arasindaki qarsiliqlt tesirin tadqiqi ligiin infraqirmizi
spektroskopiya va fotoliiminessensiya analiz iisullari istifado edilmisdir.

Acar sozlar: yarimkegirici nanohissociklor, polimer nanokompozitlor, niive-ortiik tipli
nanoquruluslar, matrisdo izolyasiya texnikasi, kation miibadilosi metodu, hidrotermal proses,
ultrases vo mikroemulsiya texnikasinin birlogmasi

CTPYKTYPA U ®OTOJTIOMUHECIHEHTHBIE CBOMMICTBA HAHOCUCTEM
HA OCHOBE ZnS 1 Ag,S

C.I'HYPHUEBA, A.X.KAPUMOBA
PE3IOME

B uccnenoBaHny OCHOBHOE BHUMAHHUE YJIENSACTCS PA3IMUHBIM CTPATETHsM IMOIYYEHHS,
CTPYKTYpPBI ¥ (DOTOIFOMHHECIIEHIINH TTOIYIPOBOAHUKOBEIX HaHOMaTepuanoB. CpeaHuil pasmep
YaCTHIl B K&KAOM IOAXOAE K CHHTE3Y PETYIMPOBAJICS MyTeM BapbHPOBaHUS KOHLEHTPALMH
HCXOJHBIX BOAHBIX PACTBOPOB M MacIITad M3MEHsUIbCS B IIMPOKOM auamnasoHe (~ 20-80 HM).
Mopdonorus MOBEPXHOCTH HAHOMATEPHAJIOB HCCIIEAOBANacCh METOJaMH ATOMHO-CHIIOBOH
MHUKPOCKOIINH, CKaHUPYIOIIEH 3JIeKTpOHHOM MUKpockonuu. Kpome Toro, nHdpakpacHas criek-
TpOCKOIIUA, (bOTOHIOMI/IHeCHeHTHaH CIIEKTPOCKOIHA HCIOJIB30BaJIUCh JJId U3YUYCHUS I'PaHUIbI
paszena HAaHOYACTHUI] M OKPY’KAIOIIeH CTa0MIN3NPYIOIIeH Cpeabl.

KiawueBble cioBa: MOJIYITPOBOJHUKOBBIC HAHOYACTHUIIBI, MMOJMMEPHBIC HAHOKOMIIO-
3UTBI, HAHOCTPYKTYPhI THUIIA a;[po—060noq1<a, METO ManPI‘iHOfI HU30JIA101H, KaTHOHOOOMEHHBIH
METOMA, FI/I,I[pOTepMaHBHHﬁ oponecc, COYCTaHUC YJIbTPA3BYKOBBIX W MHKPO3IMYJIbCHOHHBIX
METOOOB.
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QAMMA SUALANMANIN Cd,..Fe,Te EPITAKSIAL
TOBOQOLORININ KRiSTAL QURULUSUNA TOSIRI

A.A.ABDULLAYEVA
Azarbaycan Texniki Universiteti

Cdi FesTe (x=0.05) epitaksial tobagalorin inkristal qurulusunun va sath morfolo-
giyasumun y-siialanmanin  tasirindan awval va sonra SEM va XRD tadgigatlar: aparidmisdir.
Stialanmadan sonra epitaksial tabagonin ronginin dayismasi va qara Ilokalarin yaranmasi
miishida edilir ki, bu da y-kvantlarin siialanma zamani yolundakr atomlarla garsiliql tasirinin
naticasinda bas vera bilor. y- siialanmadan sonra niimunalorin XRD spektrlorinda dayisikliklor
yaranir, reflekslorin intensiviiyi dayisir, aksor kristal istigamoatlorda intensiviiklorin artmasi
miisahida edilir va miiayyan kristallografik istiqgamatlords zaif intensivliya malik yeni reflekslor
yaranwr. Dy = 220 QOr dozada stialanmadan sonra isa kristal qurulus, demoak olar ki, barpa
olunur.

Acar sozlar: Epitaksial toboqo, yarimmaqnit yarimkegirici, SEM, XRD,y-stialanma.

Yeni xassoli yarimkegirici materiallarin alinmasi, onlarin fiziki xassolori-
nin tadqiqi, maqsadyonlii idars edilmasi va cihazqayirmada totbiq imkanlariin
miloyyon edilmosi miiasir materialsiinasligin qarsisinda duran miihiim mosalo-
lorindon biridir.

Cd;xFexTe yarimmagqnit yarimkegciricilorinin (YMY) hocmi kristallar
miiasir cihazqayirmada, xiisusilo giinos elementlori, radiasiya detektorlari, IQ
detektorlar, fotodetektorlar, optik izolyatorlar vo s. ugurlu totbiqini tapmisdir.
Buna baxmayaraq bu giin miiasir elektronikani nazik tobaqgalor olmadan tosov-
viir etmok miimkiin deyil. Cihazlar kristallarin sothinds yaradildigindan vo bii-
tiin struktur doyisikliklor cihazlarin parametrlorinds oks olundugundan, mii-
kommol kristal qurulusa vo tomiz hamar sotho malik nazik tobagolorin alinmasi
talob olunur.

Digor torofdon sabit fiziki xiisusiyyatloro malik radiasiyaya davamli vo
radiasiyaya hossas materiallarin alinmasi miiasir fizikanin aktual problemlorin-
don biridir. Qeyd etmok lazimdir ki, miioyyon soraitdo ionlagdirict stialanmanin
on giiclii tosirino moruz galan materiallar, torkibindoki radiasiya defektlorinin
omolo golmosi sobabindon fiziki xiisusiyyetlorini doyisdirir. Buna géro do ion-
lagdirict stialanmanin yarimkeciricilorin fiziki xassolorino tasirinin dyronilmasi
aktual mosalo sayilir.
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Beloliklo, A"BY! tipli yarimkegiricilor qrupuna daxil olan Cd,.Fe,Te ya-
rimmaqnit yarimkegiricilorinin epitaksial tobagolori fundamental todqigatlar vo
praktiki totbiq tiglin xiisusi ohomiyyot kosb edon materiallardan sayilir [1-5].
Onlarin fiziki xasslorinin todqiqine odabiyyatda az sayda is hosr edilmisdir.
Toqdim olunan isdo Cd;.<FesTe (x=0.05) bork mohlullarinin epitaksial tobaqe-
lorinin kristal qurulusuna vo soth morfologiyasina y-stialanmanin tosiri tadqiq
edilmisdir.

Eksperimental tadqiqatlar

Elektron cihazlarin xarakteristikalar1 osason kristallarin soth morfologiya-
st ilo baglt oldugundan, onlarda soth diganostikasina xarici tosirlorin (tempera-
tur, tozyiq. isiqlanma, radiasiya stialari vo s.) Oyronilmasi xiisusi ohomiyyat
kasb edir. Odobiyyatdan malumdur ki, yarimkecirici materiallarin modifikasi-
yasi lgilin an oalverisli lisullardan biri do radiasiya texnologiyalaridir. Bels ki,
ionlasdirici stialalarin tosiri ilo materiallarin fiziki xassoalorini idaro etmok vo
onlar osasinda hazirlanacaq cihazlarin xarakteristikalarin1 avvalcodon prognoz-
lagdirmaq miimkiin olur. Bu baximdan y-siialanmanin tosiri naticosindo Cd;.
«FexTe epitaksial tobogalarinin sothindo gedon doyisikliklorin dyronilmasi vo
ilkin niimunalorlo miigayiso edilmosi boyiik maraq kosb edir. Isdo ilkin vo -
stialanmanin (Dy=50 kQr) tasirine moruz qalmis Cd;«Fe,Te(x=0.05) epitaksial
tobogolorinin SEM vo XRD todqiqatlarinin noticalori verilmisdir.

y-stialanmanin Cd; cFe,Te (x = 0.08) epitaksial tobagolorinin sath morfo-
logiyasina tosirini Oyronmok iiclin SEM metodundan istifads edilmisdir (sok.
1). Tadqgiqatlar JEOL JSM-7600F Field Emission Skan Elektron Mikroskopun-
da aparilmisdir.

o T e—

a) b)
Sok.1. Cd;Fe,Te (x=0.05) epitaksial tobagalorinin soth morfologiyasinin SEM sokillori:
a) Dy=0. b) Dy=50 kQr

y-siialanmanin Cd; <Fe Te (x=0.05) epitaksial tobogolorinin soth morfo-
logiyasina tosiri 6ziinii sothdo tosadiifi deformasiyalarin yaranmasinda gostorir.
Stialanmadan sonra epitaksial tabaqonin ronginin doyismasi vo qara lokolorin
yaranmas1 miishido edilir. Udulan doza ilo epitaksial tobagonin sothindo miisa-
hids olunan deformasiya lokslorinin paylanmasi arasinda sistematik bir olago
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moveud deyildir. Sok.1,a gostorir ki, alinmis nlimuno hamar, giizgli soth mor-
fologiyasina malik olmusdur. Sok.1,b Dy=50kQr dozada y-kvantlarla siialanmis
Cd;xFexTe (x=0.05) epitaksial tobogalorinin kobud vo lokolonmis sathini gos-
torir ki, bu da y-kvantlarin siialanma zamani yolundaki atomlarla qarsiliql tasi-
rinin naticosinda bas vermisdir.

v- stialanmanin (E = 1.17 MeV, E = 1.33 MeV) Cd,Fe,Te nazik poli-
kristal tobogolorinin kristal qurulusuna tosiri (sok.2) verilmisdir. Todqiqatlar
osasinda miioyyon edilmisdir ki, y- siialanmadan sonra niimunslorin rentgen
difraksiya spektrlorindo doyisikliklor yaranir. Cd; x\Fe Te nazik tobagolori 2 do-
fo stialandirilmigdir. Dy = 120 Qr dozada ilk siialanmadan sonra rentgen dif-
fraktometrik spektrlorindo doyisikliklor oldugu nozors garpir, reflekslorin inten-
sivliyi doyisir, oksar kristal istiqgamotlords intensivliklorin artmasi miisahido
edilir vo miioyyon kristallografik istigamotlordo zoif intensivliyo malik yeni
reflekslor yaranir (sok.2, b).

L e

a) b)

Lawit's

" L
c) B Uhirta Syale

Sok.2. Cd;.Fe,Te(x = 0,05) nazik polikristal tobagalarinin rentgen difraktometrik goriintiilori
a) Dy=0, b) Dy = 120 Qr, ¢) Dy =220 Qr

Daha sonra olavo olaraq Dy = 220 Qr dozada ikinci siialanmadan sonra
kristal qurulus, demok olar ki, barpa olunur (sok.2,c) vo zoif intensivliyi olan
bozi reflekslor tamamilo yox olur. Stialanmadan sonra rentgen difraksiya spek-
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trlorindoki doyisikliklor siialanmanin kristal qurulusa tosiri kimi izah edilo bi-
lor.
Naticalor
Isdo Cd,«Fe,Te (x=0.05) bark mohlullarmnin epitaksial tobaqalorinin kris-
tal qurulusuna va soth morfologiyasina y-stialanmanin tosiri skan elektron mik-
roskop vo rentgen diftaktometrik metodlarla todqiq edilmisdir. Siialanmadan
sonra epitaksial tobagonin ronginin doyismasi vo gara lokolorin yaranmasi mii-
sahido edilir ki, bu da y-kvantlarin siialanma zamani yolundaki atomlarla qarsi-
l1igl1 tosirinin naticosindo bas vers bilor. Miioyyon edilmisdir ki, y- siialanmadan
sonra niimunalarin rentgen difraksiya spektrlorinde doyisikliklor yaranir. Belo
ki, reflekslorin intensivliyi doyisir, oksor kristal istigamatlordo intensivliklorin
artmas1 migahido edilir vo miioyyan kristalloqrafik istiqgamatlords zaif inten-
sivliya malik yeni reflekslor yaranir. Dy = 220 Qr dozada siialanmadan sonra
kristal qurulus, demok olar ki, barpa olunur.
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BJIUSAHUE TAMMA U3JIYUEHUS HA KPUCTAJUVIMYECKYIO CTPYKTYPY
SIIUTAKCHAJIBHBIX CJIOEB Cd,. Fe,Te

A A.ABTYJIJTAEBA
PE3IOME

UccrenoBanmst COM u POA ObuTH BEITIONHEHBI 10 U TTOCTIE BO3ACHCTBHS Y-H3ITyUCHHS
Ha KPHUCTAJUIMIECKYIO CTPYKTYPY H TIOBEPXHOCTHYIO MOP(]OIOTHIO SMUTAKCHAIBHBIX CIIOEB
Cd,_Fe,Te (x = 0,05). HabmonaeTcs u3MeHEHHE IBETA DITUTAKCHATBHOTO CJIOS U TTOSBJICHHE
YepHBIX ISTEH, a 3TO MOXET IPOU30MTH B pPe3yiIbTaTe B3aUMOJCHCTBHUS Y-KBAHTOB C aTOMaMH
BO BpeMs m3nmydeHus. [locie y-m3iaydeHns: IpONCXOOUT M3MEHEHHe B crekTpax PDA obpas-
1IOB, MCHSICTCS MHTCHCUBHOCTH PE(IICKCOB, B OOJBINMHCTBE KPUCTAIIOTPpaQUICCKUX HAMPaB-
JICHUAX Ha6mouaeTc;1 yBennquI/le MUHTCHCHUBHOCTHUH ITOSIBJICHHUC HOBBIX pe(bHeKCOB CcO cna60171
uHTeHCUBHOCTBIO. [locnme obOmydyenuss mosoit Dy = 220 I'peit kpucramimdeckas CTPYKTypa
MIPaKTUYECKH BOCCTAHABIMBAETCS.

KuroueBble c10Ba: SMUTAKCHANBHBIMCION, MOTyMarHUTHHIM monynpoBoaHuk, COM,
P®DA, y-uznyuenue
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EFFECT OF GAMMA RADIATION ON CRYSTALLINE STRUCTURE
OF EPITAXIAL LAYERS Cd1-xFexTe

A.A.ABDULLAYEVA
SUMMARY

SEM and XRD studies were performed before and after exposure to y-radiation on the
crystal structure and surface morphology of the epitaxial layers of Cdl-xFexTe (x = 0.05). A
change in the color of the epitaxial layer and the appearance of black spots are observed; this
can occur as a result of the interaction of y-quanta with atoms during radiation. After vy-
radiation, there is a change in the XRD spectra of the samples, the intensity of the reflections
changes; in most crystallographic directions, an increase in intensity and the appearance of new
reflections with a weak intensity are observed. After irradiation with a dose of Dy = 220 Gray,
the crystal structure is practically restored.

Keywords: epitaxial layer, semi-magnetic semiconductor, SEM, XRF, y-radiation
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